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We describe an electronic analog of a resistively shunted Josephson junction in which
the quantum phase difference of a real junction is represented by the phase difference
between two oscillators, each running at approximately 100 kHz. Only three
integrated circuits and an external reference oscillator are required. The circuit
operates on a time scale approximately 10° times slower than a typical real junction
and allows easy visualization of the time-dependent quantum phenomena of the ac
Josephson effect. Characteristic current-voltage curves and waveforms obtained with
the analog are shown for the cases of dc and dc plus ac current bias, and for the
sudden reduction of the critical current in a current-fed, resistively loaded junction,
which models a magnetically switched Josephson computer element. Other

applications of the analog are discussed.

L. INTRODUCTION

It has been nearly two decades since Brian J osephson’s
Nobel Prize winning prediction' of the effects that bear his
name, and their subsequent experimental verification.>>
Since that time the Josephson effects have come to be rec-
ognized as a most convincing verification of quantum-me-
chanical tunneling and macroscopic quantum interference.
In addition, they have led to extremely sensitive scientific
instruments for measuring low-frequency voltages and
magnetic fields, “° have been employed as detéctors for
microwave and far-infrared radiation,® have provided an

accuracy of 0.12 parts per million in the measurement of

the ratio of Planck’s constant to electronic charge,® and are
on the verge of producing a major advance in the perfor-
mance of large computers.’

While the equations describing the quantum-mechanical
tunneling and interference in Josephson devices are readily
derived,® the observable electrical circuir behavior of a Jo-
sephson junction device is not trivial because it is described
by nonlinear differential equations. It is therefore useful,
both as an aid to understanding and for predicting the engi-
neering performance of real devices, to make models or
analogs that mimic the behavior of Josephson junctions.
Several such models, >~ both mechanical and electrical,
have been described in the literature.

Mechanical models, usually involving pendulums, have
the great advantage of actual visual representation of some
of the variables on a time scale that is slow enough for the
viewer to comprehend in real time. Spatially extended
junctions and multiple junction circuits are also easily
modeled. On the other hand, with mechanical models it is
difficult to make quick and accurate measurements, to
change the model parameters over wide ranges, or to model
the interaction of ac currents or voltages with the junction.
Furthermore, good mechanical models can involve a con-
siderable amount of machine shop work.

Electronic models provide an excellent complement to
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mechanical models. Interactions with time-varying ap-
plied currents or voltages can be easily simulated, and time-
dependent and time-average behavior readily recorded.
Moreover, measurements are quick and accurate and it is
usually a trivial matter to change model parameters. The
phase-locked-loop type of electronic model described here
offers the additional advantages of simplicity of construc-
tion and use, and ease of adjustment. Furthermore, the
model is quite accurate in its simulation of the J osephson
equations. While the basic idea for this circuit and certain
of the results obtained from it have appeared previously, 4
thisis the first article to provide a complete description of a
practical circuit, which is in fact simpler to implement than
the circuit originally proposed.'* In addition, the circuit to
be described can be extended to construct single and double
junction SQUIDs (Superconducting Quantum Interfer-
ence Devices). That work is presented in a separate
article.'’

The circuit and experiments described here can be an
effective supplement to a senior-level or first-year graduate
experiment on the properties of real Josephson devices.'6

: The analog may also be used profitably by itself, especially

if the circuit functions of the analog and their relation to
important laboratory instruments such as the lock-in am-
plifier are discussed. Alternatively, for electrical engineers
the rich behavior of the nonlinear second-order circuit ele-
ment may be treated in detail."* Since Josephson devices
are finding increasing application as sensors in the physical
and biological sciences, and as high-speed digital circuit
elements in the electrical sciences, the incorporation of
some type of Josephson-effect experiment into the labora-
tory curriculum seems especially appropriate. The elec-
tronic analog opens up this opportunity even to laborato-
ries where liquid helium is not available.

It is the purpose of this article to discuss experiments
with the analog that emphasize aspects of Josephson-effect
quantum-mechanical tunneling. A number of excellent in-
troductory treatments have previously been given on the
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theory of the Josephson effects,®'® of quantum interfer-
ence,®® and of the mechanical analog.>'' We refer the read-
er to these discussions where appropriate. Finally, excel-
lent discussions®® and a laboratory experiment'® on
fluxoid quantization have been given by other authors.
While we do not treat this subject here, it is possible to
model fluxoid quantization' with the electronic analog to
be described.

II. JOSEPHSON EQUATIONS AND THE
RESISTIVELY SHUNTED JUNCTION (RSJ)
MODEL

The unique electrical behavior of Josephson devices is a
consequence of the fact, shown theoretically by Bardeen,
Cooper, and Schrieffer,'” that the electrons in a supercon-
ductor condense, via mutual interactions with the crystal
lattice, into Cooper pairs of charge 2¢ and spin 0.'® Because
they act like bosons, many such pairs can occupy the same
quantum state; indeed, in the absence of thermal excita-
tions, (i.e., at T = 0 K), all of the electrons are in a single
quantum pair state. This quantum state of the ~10%* elec-
trons can for many purposes be represented by a conven-
tional single-particle wave function #ir,t). (See Ref. 4,
Chaps. 4 and 6.) Thus in an isolated superconductor the
time-dependent wave function that describes a spatially
uniform stationary state of energy E can be written as
¥ = |]e"1?®~ £/" with 6 (0) the phase at time ¢ =0, and
# = h /2, h being Planck’s constant. Josephson showed®
that when two superconductors, with stationary wave
functions |1, ]€®® — £¢/ and |4h,|e" %%~ 5/ are sepa-
rated by an insulating barrier of thickness on the order of
20 A, a current I, {t ) of Cooper pairs can tunnel across the
junction. (The Josephson coupling also reduces the ener-
gies E, and E, relative to their values when the two super-
conductors are well separated.'®] Josephson further
showed that for these stationary states the tunnel current of
paired electrons depends on the quantum phase difference

6 (t)=0,t) — 6,(t)=(E, — E)t /A + 6o,
according to .
I{t) =1, sinf{t). (1

Here I, is the maximum or critical supercurrent and is a
geometry- and material-dependent constant; 6, is the phase
difference at ¢t = 0, 8,(0) — 6,(0). Particularly clear deriva-
tions of Eq. (1) are given in Ref. 8, and by Rochlin and
Hansma, Ref. 10.

The time rate of change of the phase difference d6 /dt is
given in general by (E, — E,)/#. If a voltage V' (¢) exists
across the junction (with ¥ defined as the potential of side 1
with respect to side 2), then E; — E, = 2 eV. For the gener-
alcaseofatime-dependentvoltage V (t),0 (t )must bedefined
as

‘
o(t)= 2{ viendr + 6,
fiJo
and for either a constant or time-dependent junction
voltage '

do 2eV (¢

= ___u (2)
dt A

Equations (1) and (2) provide the basic description of the

supercurrent flow in Josephson devices. While Eq. (1) was

derived by Josephson for the case of tunneling through a
potential barrier as in a superconductor—insulator-super-

1036 Am. J. Phys., Vol. 49, No. 11, November 1981

conductor tunnel junction [Fig. 1(a)] a wide variety of other
weak-link superconducting stuctures are also found to
obey that equation.** These other structures include the
metallic point contact and its thin-film analog, the micro-
bridge [see Figs. 1{b) and 1(c}] and the superconductor-
nonsuperconducting-metal-superconductor junction.
Point contacts and microbridges utilize a physical constric-
tion to confine the change in quantum-mechanical phase to
a small region. Weak coupling between two superconduc-
tors, whether achieved by a physical or a material constric-
tion, is the essential requirement for occurrence of the Jo-
sephson effect.

In addition to the supercurrent of Cooper pairs, a nor-
mal electron current of unpaired electrons flows through
the junction in response to a voltage across the junction.
This current is sometimes called a quasiparticle current.
Within the two-fluid model of superconductivity* the pair
current and the quasiparticle current are considered to be
independent.

For point contacts and microbridges the normal current
channel can be adequately modeled by an ohmic resistor in
parallel with the supercurrent channel, whose behavior is
described by Egs. (1) and (2). For insulator (usually oxide}-
barrier tunnel junctions the normal current is a nonlinear
function of the junction voltage. The nonlinear quasiparti-
cle conductance of such tunnel junctions rises sharply at a
voltage corresponding to the energy gap for breaking pairs
and creating unpaired electrons (quasiparticles). This
structure in the conductance due to the energy gap was
predicted and studied first by Ivar Giaever,'® who shared
the Nobel Prize in 1973 with Josephson and Leo Esaki. In
this paper the normal current channel will be modeled by
an ohmic resistor R. The resulting model is called the resisti-
vely shunted junction (RSJ) model,*® and is most appropri-
ate for point contacts and microbridges.”' However, the
RSJ model is also qualitatively useful for describing the
behavior of insulator-barrier tunnel junctions.

To complete the circuit mode! of a Josephson junction
one must include the displacement current due to charging

and discharging the inevitable shunt capacitance across the
junction structure. For oxide-barrier tunnel junctions, the
capacitance is due to the parallel-plate electrode structure
with a ~20-A separation, and is usually significant. The
capacitance of point contacts and microbridges is usually
small enough to be neglected.?! :

The complete RSJ model, including the capacitance, is
shown in Fig. 2(a). The total current I (¢} through the junc-
tion is given by

(a)
Fig. 1. Three types of weak links

connecting bulk superconductors:
{a) insulator-barrier tunnel junc-
tion, (b} point contact, (c) micro-
bridge. Tunnel junctions and mi-
crobridges are usually made by
thin-film techniques. The resistive-
ly shunted junction (RSJ) model is
most appropriate for point con-
tacts and microbridges.

{c)

|
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I(t) =1, sind(t) + KRf’_) +c5‘_’;t(‘_). 3)

In a real junction these three currents are not independent-
ly accessible, though they are accessible in the electronic
analog.

The voltage in Eq. (3) may be eliminated with the help of
Eq. (2) to arrive at the nonlinear second-order differential
equation that describes the junction dynamics:

. A do #C d%0
I(t)=1, sinf(c)+ .29 , ACd6
) )+ 2¢eR dt 2e dt? X

This equation has the same form as the equation of motion
of a simple pendulum of mass m and length / displaced

from the vertical by angle 6. In the pendulum model, the -

analogous equation is

. do d?
7 = mgl sind +D—(—17 +M—‘;t_f.,

where 7 is the total externally applied torque, mg/ sind re-
presents the gravitational restoring torque, D d6 /dt repre-
sents a damping torque proportional to velocity, and
M d?@/dt? is the rate of change of angular momentum
about the point of suspension. Since a flywheel can be rigid-
ly coupled to the pendulum,®!" the total moment of inertia
M can be greater than the moment of inertia of the pendu-
lum mass, m! . It is important to note that in the pendulum
analog it is difficult to change the moment of inertia, the
damping constant and the gravitational torque indepen-
dently. On the other hand, in the electronic model each
term in Eq. (4) depends on an independently adjustable
quantity (/,R,C). An example in which this is important,
where a sudden change of the critical current I, is used to
simulate a computer switch, is given later. An analogous
change in the gravitational torque in the case of the pendu-
lum would be difficult to achieve. With the electronic ana-
logitisalso possibleto simulate the nonlinear quasiparticle
conductance of an insulator-barrier tunnel junction by us-
ing a nonlinear resistor. '3

III. ELECTRONIC MODEL OF A JOSEPHSON
JUNCTION

Three types of circuits have been proposed to simulate
the behavior described by Egs. (1) and (2). The first type'?
integrates the junction voltage with respect to time to ob-
tain a voltage that represents the phase angle 8(z), and a
nonlinear function generator produces the sine of § (z). Be-
cause 6 (¢ ) could become large without bound, each time the
magnitude of the angle voltage reaches a value correspond-
ing to 27 a comparator is triggered that resets the angle
voltage to zero.

The second type'? of circuit uses feedback to enforce the
equalities

kV(t)cosf = 4 {sinf) = L cosé
dt dt
and
— kV(t)sing = 4 {cosf) = — ﬁsinﬁ,
dt dt

along with an explicit, circuit-imposed constraint
sin’d + cos?d = 1 to obtain the relations in Egs. (1)and (2).
An analog computer is usually employed in this second
type of circuit: Integrators and multipliers are used to gen-
erate voltages proportional to sind, cosé, sin’d, and cos?6,
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and a voltage-to-current converter generates a current
I, sin@. This method requires an auxiliary correction cir-
cuit to prevent the accumulation of errors due to imperfect
integrators.

The third type of circuit, a modified phase-locked loop,
was first proposed by Bak and Pederson. ' Our circuit is of
this general type. A block diagram of our circuit appears in
Fig. 2(b). The phase difference ¢ (¢} in the real junction is
represented in the electronic analog by the phase difference
between the waves produced by two oscillators, one a sinu-
soidal reference oscillator running at a fixed angular fre-
quency w,. The other is a voltage-controlled oscillator
(VCO) with a square-wave output whose instantaneous an-
gular frequency d8,/dt deviates from @, by an amount pro-
portional to ¥ (r), the input voltage to the VCO, so that

dé,
— =, +kV{). 5
” o ty (3)

If we assume for the moment that the VCO output wave is
sinusoidal rather than square, the VCO output voltage can
be written

Vvcolt) =V, sinf,(t), (6)
where V| is a constant and

6,(¢) =00+f ) 4y =60+a)0t+ka(t')dt'
o dt’ o
(7
with 6, the phase at = 0. The angular frequency w, is
much larger than |k¥(¢)| so that the fractional difference
between the VCO and reference oscillator frequencies is

always small. The mixer multiplies the VCO output by the
reference signal, which we write as

Vrer(t) =V, coswt (8)
to obtain
Vitixer (£) = @V, V, sind, (¢ Jcoswyt, {9)
where a is a proportionality constant. Equation (9) may be
rewritten with the help of a trigonometric identity to obtain
Vuier () = (@ V' V2/2){sin[8,(z) + wot ]
+sin[6,(t) — wyt 11},
and substitution for 6,(¢ ) from Eq. (7) results in

(10)

Icsind(t)

- X

- V(t)/R
AMV

R
dvit)
e
cH

——— V(1) —t

I{t)

sin8(t)

Voitage
Controiled
Oscillator

Mixer Reference
Oscillator

(b)

Fig. 2. Models of Josephson junctions. {a) Resistively shunted junction
(RSJ) model, (b} electronic analog of the circuit in (a) showing how a
current proportional to sing is obtained. See text for explanation.
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1€ sm(Z(oot + kf Viehde' + 90)

+ “Vzl Zsm( fV:)dt +90> (11)

The first term on the right-hand side represents a wave of
instantaneous angular frequency equal to 2w, + k¥ {2),
which for a time-varying ¥ (¢) consists of waves of many
different angular frequencies near 2w, These high-fre-
quency components are all strongly attenuated by the low-
pass filter. The second term on the right-hand side of Eq.

(11) represents a wave of instantaneous phase

VMlxer (t) =

=JkV(t')dt'+90 (12)
(4]
or instantaneous angular frequency
df
—=kV|t 13
” (£) (13)

as required by Eg. (2). Because all significant Fourier com-
ponents of k¥ (t ) are below the cut-off frequency of the low-
pass filter, the second wave passes through the filter to pro-
duce a voltage proportional to sind (¢). In our circuit the
proportionality constant @V, ¥,/2 is set at 1 V so that the
voltage at the output of the low-pass filter is numerically
equal to sin@ (¢).

The VCO output signal is actually a square wave, which
for the general case of a time-varying V(¢ ) has components
near the fundamental angular frequency w, as well as at
higher harmonics near angular frequencies 3w, 5w, etc.
[Weassume here again that |k ¥ (t )| €w,.] When these high-
er harmonics are multiplied by the reference sinusoid at
angular frequency @, the product at the mixer output con-
tains high-frequency signals with angular frequencies near
20, 4w, 6@, etc. These signals are all blocked by the low-
pass filter so our basic result, that the low-pass-filter output
wave is proportional to siné (¢), is still valid.

Now that we have shown how a wavesiné (¢ ) is produced,
we show why the entire circuit of Fig. 2(b) is an analog of
the RSJ model of Fig. 2{a). Using the standard virtual
ground approximation® that the inverting input of the op-
amp is at ground potential, we equate to zero the sum of the
currents flowing toward the negative input. Thus

dvie) Vi)  sind V)
C - =0, 14
@ R T R, R, (14

10K

AAA

10K,I%  Current bias ?

with ¥ (¢) the voltage at the output of the op-amp. [In ob-
taining Eq. (14) we have neglected any bias current drawn
by the op-amp itself. For the type 741 op-amp shown, this
bias current is a fraction of a microamp, at least two orders
of magnitude smaller than the typical currents that flow
through R, R, and R, .] This op-amp feedback circuit ac-
complishes at once the required voltage-to-current conver-
sion and current summation, and is thus a considerable
improvement over the circuit configuration proposed by
Bak."
Next we use Eq. (13) to rewrite Eq. (14) in the form

C d*6 1 dé sind V()
- = . (15)
k dt?

kR d: = R, R
This equation has the same form as Eq. (4) provided we
make the identifications

V. (¢
1L It x()’
R

X

and k—2e/f.

[+
c X

The entire circuit of Fig. 2(b) may be thought of as a
phase-locked loop. To see this, consider the special case in
which C=0and V_(t) =0, so that Eq. (15) reduces to

do kR

dt R

If @ is slightly positive, so that sinf is positive, then d§ /dtis
negative and 4 is driven toward 0. Similarly, a small devi-
ation of 4 in the negative direction is corrected toward zero
by a positive 46 /dt. Consequently, the circuit maintains a
stable phase of 8 = 0. By a similar argument, the apparent
solution 8 = = is unstable, and the phase will change until
it reaches the stable value § = 0.

The actual circuit, Fig. 3, contains just three integrated
circuits in addition to the reference oscillator. The choice of
components was determined by tradeoffs between simplic-
ity and accuracy. For example, the VCO should ideally
have a precisely linear frequency-versus-voltage character-
istic and no frequency drift or jitter when its input voltage is
held constant. We tested three types of integrated circuit
VCO’s: the VCO in the CMOS-type 4046 micropower
phase-locked loop, the Intersil 8038 waveform generator,
and the Analog Devices AD 537 JD.?* The long-term
(many minutes) frequency drift of the AD 537 was about

+ 1partin 10° and the short-term (~ 10 msec) jitter, mea-
sured as fluctuations in the duration of 1000 cycles of oscil-

siné.

<

Voitage
bk'u
10X
1%

-Lzooo o 1 )
pF 0.01uF
£2

Fig. 3. Detailed circuit dia-
gram of the electronic analog
of Fig. 2(b). Provisions are

DA +i8 1 . .
VW 2 made for either voltage bias-
L s oo 190 ;s .

-is ,C 3 "‘W"'I— 4 3 —I_—‘M'" ing the supercurrent channel

i 33uF 33[‘F b 1 h 1
oK, 1000pF 334F ADS32| T or current biasing the entire
10turn —— sitver l_”.l & l——-s.xz " o 10 turn RSJ circuit [Fig. 2(a)]. Both
. 4.7K 7 13 ".l;l ! dc and ac bias currents or vol-
vin 499k | n AD'5237 "34 190K, 1% | tages can be applied. Values
-Vde b 418 ) 0. 9K ,\f\ of resistances are in ochms un-
X 10uF 5 ..I"U“!. 1% i: — less noted otherwise. See text

s 2

147K ‘L_L

"1 > 1% 33uF v
@ i

output <100

b-1s
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Osc. for further discussion of
components.

Henry eral. 1038



lation, was nomore than + 2 partsin 10%. These specifica-
tions were at least an order of magnitude better for the
three AD 537’s than for the several 4046’s and one 8038 we
tested, so we chose the AD 537. The excessive frequency
drift of the other types leads to drifts of a few microamps in
the current 7, sind and corresponding drifts of several mil-
livolts in the junction voltage ¥ (t). However, if cost is an
overriding consideration the very inexpensive 4046 can be
used.?

The sinusoidal reference oscillator also should have
good drift and jitter characteristics. We have used an an-
cient, but excellent, Hewlett-Packard model 606A. as our
reference oscillator; its drift and jitter are somewhat small-
er than those of the AD 537. We expect that any physics or
electrical engineering department would own an oscillator
of comparable quality. '

The mixer must be capable of multiplying the sinusoidal
output signal from the reference oscillator by the square-
wave output of the AD 537, both of which are signals with
frequency =~ 100 kHz. We have tried an Analog Devices
AD 532JD integrated circuit multiplier, and also a CMOS-
type 4052 multiplexer as a switching mixer, in which the
reference oscillator signal and an inverted version of the
oscillator signal are alternately connected to the input of
the low-pass filter according to the polarity of the VCO
output. While both devices are satisfactory as mixers, we
chose the AD 532, despite its higher cost, because it does
not require an inverted version of the reference oscillator
signal. Because the linearity of the AD 532 multiplier be-

gins to deteriorate for input signal amplitudes above 5 V we

include a blocking capacitor and a 3-to-1 voltage divider
between the + 15-V VCO output and the multiplier input.
This divider reduces the square-wave input signal to the
multiplier from the VCO to approximately + 5V, with an
average value of zero. The 0.1-uF coupling capacitor in-
sures that the square-wave signal applied to the mixer has
no dc component. This is necessary because the output re-
sistance of the VCO is not the same for the positive and
negative halves of the square wave, and the voltage divider
loads the output slightly.

The low-pass filter following the mixer is a two-section
passive RC filter, each section having a time constant r of
about 10 usec or cut-off frequency of 16 kHz. This filter
attenuates dc and low-frequency signals by approximately
a factor of two, while it attenuates the second harmonic in
the mixer output wave (near 200 kHz) by a factor of about
20°% = 320.

The mode switch between the low-pass filter and the op-
amp input allows the overall feedback loop to be broken.
When the switch is in the voltage bias (grounded) position
and C =0, the ac and dc bias voltages are multiplied by
1/5, added and inverted by the op-amp to produce the volt-
age ¥ (¢). This corresponds to voltage biasing the supercur-
rent channel of a Josephson junction, rather than current
biasing the junction as suggested by Fig. 2(a). For this volt-
age bias case the voltage sind (t) at the filter output is the
analog of the supercurrent I, siné (¢ ). The voltage bias po-
sition of the mode switch is also used in setting the frequen-
cy of the reference oscillator (see Sec. V) and in checking for
spurious frequency locking (Appendix A). :

The circuit of Fig. 3 is powered by a commercial + 15-V
supply (e.g., Analog Devices 915). The circuit draws a sup-
ply current of about 15 mA. Only moderate care is required
in laying out the circuit board. The leads to the 1000-pF
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VCO gapacitor are kept short and the reference oscillator
input {y shielded all the way to the multiplier input in a
coaxia| cable. These precautions help to eliminate the spur-
ious locking problem discussed in Appendix A. The entire
circuit shown in Fig. 3 including the power supply was
built ingide a small aluminum box. This is strongly recom-
mended, as it simplifies the setup and allows the student to
concentrate on the terminal properties of the Josephsc?n
junction before having to master the details of the circuit.
The aluminum box is connected to the power supply
ground and acts as a shield. BNC connectors are used for
signal inputs and outputs, and screw terminals on the front
panel allow connection of different values of junction resis-
tance (2.0 k2 in our model) and junction capacitance. Re-
sistor values are not critical, but 1% metal film resistors
and a silver mica 1000-pF capacitor are used where indicat-
ed to insure temperature stability of the circuit. The junc-

-+ tion capacitance C should be a high-quality monolithic or

mylar capacitor. The 100-£2, 33-uF decoupling filters must
be included to avoid spurious frequency locking (see Ap-
pendix A), though the component values are not critical.
The 1.5-k2 resistor in the op-amp circuit helps to compen-
sate for voltage offset due to the bias current of the 741 op-
amp.? The signal current into the noninverting input is
zero, so that this input is in fact at ground potential. Final-
ly, the 20-k{2 trimpot permits adjustment of the multiplier
output voltage to zero when its input voltages are zero.

1IV. NORMALIZATION FACTORS FOR THE
ANALOG

In order to make comparisons between voltages, cur-
rents, times, and capacitances of the analog, and voltages,
currents, times, and capacitances of real Josephson junc-
tions, it is useful to establish a set of units or normalization
factors for the analog. Thus in agreement with other work-
ers, we normalize currents to I, voltages to IR, times to
1/kI_R, and capacitances to 1/kI.R %

In our circuit I, = 100 zA, k = 1.21X 10* rad/V sec,
and R = 2000 £2. With this set of parameters the normal-

- ization factors for current, voltage, time and capacitance

areshown in column 1 of Table I. Also shown in TableI are
normalization factors in a typical real Josephson junction,
with I, = 100 uA, R = 10 02, and

k = 2e/fi=27/P, = 3.04 X 10"* rad/V sec.

Here &, is the superconducting flux quantum,
=2.07X 107" V sec. The table shows, for example, that

Table I. Comparison of normalization factors for current, voltage, time,

- and capacitance, and junction parameters used to calculate these normal-

ization factors, in the analog and in a typical real junction.

Electronic analog Real junction

Normalization factors

Current / 100 uA 100 LA
Voltage V 200 mV I mV
Time ¢ 0.41 msec 0.33 psec
Capacitance C 0.21 uF 0.033 pF

Junction parameters
Resistance R 2kn 100
Voltage-to-frequency
conversion factor k = 1.21x10*
(rad/V sec)

2e/%i=3.04x10"%
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the analog is more than 10° times slower than a typical real
junction. Thus the analog can show, on a millisecond time
scale, variations of voltages and currents that occur in a
real junction on a picosecond time scale.

In describing regimes of behavior with C 540, it is com-
mon to define a parameter®® ., which is the normalized
junction capacitance:

B. =kI.R*C=w.1
— (2e/ALRC,

where the second form applies for real junctions. The pa-
rameter @, is the characteristic angular frequency, kI R,
and 7 = RC is the damping time. For real junctions @_/2m
is on the order of the energy gap frequency,
E,/h=10" Hz. The normalized capacitance /3, deter-
mines the shape of the current-voltage curve and the
amount of hysteresis (see Sec. V B).

V. OPERATION OF THE ANALOG AND TYPICAL
RESULTS

Adjustment of the electronic analog prior to modeling is
quite simple. After allowing the VCO and reference oscilla-
tor to warm up for a few minutes, and with the mode switch
in the grounded position (voltage bias mode) and no dc or
ac bias applied, one adjusts the reference oscillator frequen-
cy until the “beat frequency” of the voltage siné observed
on an oscilloscope is within 1 Hz or less of zero. This adjust-
ment should be checked at frequent intervals. To obtain a
critical current of 100 1A one adjusts the amplitude of the
reference oscillator until the beats of sinf as observed on an

- oscilloscope are precisely + 1.0 V in amplitude.

A, Voitage bias

As discussed earlier, when the mode switch is in the
grounded (voltage bias) position and if C = 0, the dc or ac
bias voltages produce a ¥ {t ) across the VCO input given by
Vit)=1V, ={V, + V,.). The signal sind then repre-
sents the supercurrent that flows in response to the chang-
ingphasedifference produced by ¥ {t ). If V(¢ ) isadc voltage
(i.e., ¥,. = 0} then the phase difference changes at a con-
stant rate and the supercurrent I, (proportional tosinf )is a
sinusoidal function of time. This oscillation of I, is called
the Josephson oscillation;
k{V(t))/2m=kV, /27

If in addition to a dc voltage a sinusoidal voltage is ap-
plied to the junction, then the rate of change of phase,
d6 /dt, is modulated at a sinusoidal rate. In communica-
tions terminology this is called frequency modulation. An
especially interesting case occurs if the dc voltage is adjust-
ed to give a Josephson oscillation at the same frequency as
that of the ac bias voltage. For example, denoting the bias
voltage (dc + ac) as

Vit)=V,+ V, cos2ufit, (16)
we have from Eq. (13),
% = kV, + kV, cos2afit. (17)

Integrating, we obtain
6(t) =kVyt + 8, + (kV,/2nf )sin2nf L, (18)

where 6, is a constant of integration. Equation (18) shows
that the phase 6 (¢ ) changes by 27 in the time T = 27/kV,,
provided ¥, is adjusted to equal 27f,/k; in this case the
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the frequency is

supercurrent [, sind () has a well-defined average value.
In practice it is impossible to adjust ¥, precisely; therefore
the average value of sind (over a few cycles) will slowly
oscillate through a range of values on either side of zero.
This short-term average of siné has a maximum amplitude
given by'® J,(kV,/2xf,), where J, is the first-order Bessel
function.?® The slow oscillation of the maximum amplitude
of sind and the dependence of the maximum amplitude of
sind on V| are easily demonstrated quantitatively with the
analog. .

Nonzero average supercurrents can also be observed
when ¥V, is adjusted to give Josephson oscillations at 2, 3,
etc. times the frequency of the applied ac bias voltage, i.e.,
kV,=2wnf,, with n =2, 3, etc. The maximum average
supercurrent for each of these dc voltages is given by
J (kV\/27f;), with n = 2, 3, etc.

B. Current bias

Because of the necessity of running long wires into a
Dewar, the high frequencies of the Josephson current oscil-
lations (~ 10'* Hz) and the inductance of the long lead
wires make it very difficult to voltage bias a real Josephson
junction with a true ac voltage bias. (It is, as we have seen,
straightforward to do this with the analog.) On the other
hand, current bias is relatively easy to achieve for real junc-
tions. The analog is quite useful in demonstrating the be-
havior of a junction under current bias conditions, especial-
ly for the case of simuitaneous dc and ac current bias, for
which an analytic solution has not been given.

An important special case that can be treated analytical-
ly occurs if C = 0 and only a dc bias current, 1, is applied.
Then Eq. (15} reduces to

L= = + I sind (19)

with Iy = V,/R,. For |I,|<I,. the solution is 8 = sin™!
X{I/I.} = const, so d6 /dt and ¥ are both zero. (The cir-
cuit itself is acting as a phase-locked loop, with the phase &
automatically adjusted so that ¥ = 0 despite the nonzero
value of I;.) If |I,| exceeds I, then 8 can no longer be con-
stant and a time-varying voltage is developed across the
junction. Still, Eq. (19) may be integrated directly (see Ap-
pendix B). Clearly, for positive values of I;> I, d6 /dt is
always positive,and it is shown in Appendix B that its aver-
age value, (d6/dt), is kR v/(I% — I'%). From Eq. (2) and
k—2e/#i we find the time-average junction voltage:

1 /do\ _ 2 r2

7= < & ) RVUII—TIY). ()
Brackets are used to denote averages with respect to time.
The analog can be used to trace out a curveof (V) asa
function of I, on an x-y recorder.?’ One simply places the
mode switch in the current bias position and connects the
dc bias output terminal to one axis of the recorder and the
time-average junction voltage (V') to the other. A plot of
(V') as a function of I, appears in Fig. 4(a}. The actual
waveform of sinf as a function of time is shown, for three

~ points on this I~(¥') curve, in Fig. 5. Notice that as (V)

increases the supercurrent oscillations have a higher funda-
mental frequency. This fundamental frequency, given by
the Josephson relation, Eq. (2), isequal to2e(V )/h. As (V')
increases the supercurrent oscillations also become more
sinusoidal. Consequently, the average value of the super-
current approaches zero, and the I~ V') curve approaches
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Fig. 4. Graphs of time average junction voltage (V') as a function of ap-
plied dc bias current /; obtained with the electronic analog of the RSJ
circuit with I, = 100 uA and R = 2.00 k{2. (a} Junction capacitance
C =0, no ac bias current. For C = Othe I-(¥') curveis single valued. The
crosses represent the predictions of Eq. (20). (b) Junction capacitance
= 1.07 uF {8, = 5.2), no ac bias current. As the current /, increases from
below to above I, the junction voltage jumps to the upper curve. When /,,
is decreased the junction voltage is finite down to a lower current, <I_.
The I-{¥) curve is thus hysteretic. The crosses are taken from computer
calculations by McCumber, Ref. 20, for B, = 4 and shown in his Fig. 4.
Differences between our experimental result and McCumber’s result are
believed to be due primarily to effects of the low-pass filter circuit. (c)
Junction capacitance C = 0. A sinusoidal ac bias current of 100 zA zero-
to-peak value at a frequency of 500 Hz was applied in addition to the
variable dc bias current /,. Constant voltage steps occur at voltages equal
to integral multiples of w,/k, with w, the ac angular frequency. The
straight diagonal line in each graph is the /=¥ curve for the ohmic quasi-
particle channel, R = 2.00 k2.

that of an ordinary resistor, ¥ = IR, with R = 2.0 k2 for
the circuit shown.

In taking the photo in Fig. 5 the camera shutter was open
for several sweeps of the trace. It is evident in trace B that
there is some jitter in the period of the Josephson oscilla-
tion, The fractional jitter is even worse for longer periods
(I, more nearly equal to I,). Since this jitter represents fluc-
tuations in the time required for the VCO signal to slip by
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one cycle relative to the reference oscillator signal, any
noise source that affects 46 /dt will contribute to this jitter.
Such noise includes noise in the several resistors in the cir-
cuit, fluctuations in the amplitude or frequency of the refer-
-ence oscillator, amplifier noise in the op-amp and mixer,
and frequency jitter in the VCO.

If capacitance Cis added in parallel across the terminals
of the junction (between pins 2 and 6 of the op-amp), the [~
(V') curve becomes hysteretic. That is, as the dc applied
current [, is increased the junction voltage remains zero
until J; exceeds I, at which point d6 /dt and ¥ suddenly
begin to oscillate with nonzero average values. So far this is
qualitatively similar to the behavior with C = 0. But if 1, is
now reduced below I, these oscillations continue until a
lower critical current is reached. A typical hysteresis curve
is shown in Fig. 4(b} for C = 1.07 uF (or B, = 5.2). The
lower critical current approaches zerg as C is made larger.
Hysteresis is predicted to occur for 3, > 0.8.%!! In phase-
locked-loop terminology hysteresis corresponds to the lock
range being greater than the capture range.

A second effect of parallel capacitance is to reduce the
amplitude of the oscillating component of ¥{t ), and make it
more sinusoidal. [To see this effect, one would current bias
the junction at Jy= 1.5, and observe V{t) on an osciilo-
scope for the two cases C =0 and C=1 uF.] As a result,
less time-average current is carried by the supercurrent

_channel. Furthermore, no dc current flows through the ca-
pacitor. Thus the [~(¥') curve with finite capacitance is
closer to the curve (V') = IR than when C = 0.

An important phendémenon, which confirms the second
Josephson equation [Eq. (2}], occurs when sinusoidal cur-
rent is applied in addition to dc current so that the total
junction current I{t) = I, + I,. = I, + I, cos2nf,t. Fig-
ure 4{c) shows an example for the special case C = 0. Here
the dc current /;, was varied and (V') plotted as a function
of I, for a fixed amplitude of bias current I, = V,./R,.
Clearly evident are ranges of I, for which the average junc-
tion voltage is independent if . These constant voltage
steps, called Shapiro steps,” are separated by

A VY =2uf\/k,
where f| is the frequency of the applied ac current. In a real
junction k = 2e/7 so a measurement of the step separation
A (V') and the applied (microwave) frequency f, yields a
value of e/A. This kind of experiment has provided the best
measurements® of e/k and of the fine-structure constant,
and has led to the.resolution of certain difficulties in quan-

Junction voltage V{mV)

o] 2 4 6 8 i0
Time (msec)
Fig. 5. Junction voltage plotted versus time for points 4, B, and C of Fig.
4{a). Note the highly nonsinusoidal Josephson oscillations in B, where the
dc bias current J; is only slightly larger than the critical current I,. For
each trace the camera shutter was open for ~0.1 sec and several sweeps
were recorded. The slight jitter in the period of the Josephson oscillation
that is evident in trace B is discussed in the text.
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tum electrodynamics,?®

As an aid in understanding why a range of dc applied
currents can give the same average junction voltage, we
show in Fig. 6 the time variation of junction voltage at two
points D, E near either end of the first Shapiro step in Fig.
4(c). Both curves have the same fundamental frequency as
the applied ac current, here 500 Hz, and therefore the same
average voltage. Thus while the average current through R
is the same at points D and E, the average supercurrent
(1. sind ) mustbelargerat £ thanat D. Thedifferent sind (¢ )
waveforms at D and E can easily be displayed to demon-
strate this effect.

The observation by Shapiro of these constant-voltage
steps provided the first confirmation of the ac Josephson
effect, Eq. (2), and a direct proof of the quantum nature of
the superconducting ground state, since the absorption of a
microwave photon of energy E = #iw is required. The di-
rect detection of photons at fiw = 2eV emitted by a Joseph-
son junction occurred somewhat later,?® due to the difficul-
ty of detecting the very small power emitted. The dc
Josephson effect, i.e., the existence of a zero-voltage super-
current, was confirmed? shortly after Josephson’s predic-
tion. However, it is only recently that direct measurements
of the dependence of I, on @ have been possible.?! These
measurements required the development of SQUID mag-
netometers, which themselves employ the Josephson
effect.

C. Small signal behavior, with I, < I,

If the junction is biased with a steady current I, less than
I, while it is simultaneously driven by a small sinusoidal
current, so that I (t) = I, + I, sinw,t with I,«I,, then 8
undergoes small oscillations about its equilibrium value,
0., =sin~'(Iy/I,). This s easily seen by differentiating Eq.
(1) to obtain

aL, =1, cosaﬁ =1, cosGeq-fd—-e—
dt dt dt 50
de
=11—26 l/2_____=I 1—{(I Ic2l/2___,
(1 = sint0 )2 S5 = 1 1 — (L) 2
(21)

and then substituting for 46 /dt from Eq. (13) and rearrang-
ing, to arrive at

1 dl,
k(2 —12)"? dt”

Thus for small signals the supercurrent channel behaves
like an inductor of value

L, =1/k{I?—1I3)'" {23)

The value of L, in a real Josephson junction with I, = 100
#A and I, = 0is 3 pH. In our analog, with &k = 1.21 X 10*
rad/V sec and I, = 100 zA, this Josephson inductance is
0.83 Hfor I, = 0.

Because of the inductive behavior of the supercurrent
channel, the entire Josephson junction acts as a parallel
RLC circuit for small signals. We therefore expect a reso-
nance of the junction voltage as we vary the frequency of an
applied sinusoidal current of fixed amplitude. In the analog
with a capacitance of 1.0 uF this resonance occurs at a
frequency of approximately f= 1/2#(L,C)"/? = 175 Hz,
which is easily observed by increasing R to about 20 k{2 in
order to increase the Q of the resonant circuit. This so-
called plasma resonance occurs at microwave frequencies

Vit)=
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(22)-

or higher in real Josephson junctions. Note that this reso-
nance frequency can be changed by changing the dc bias
current I,. The supercurrent channel thus behaves like a
parametric inductor, which can lead to a variety of useful
circuit applications.

VL. SIMULATION OF A JOSEPHSON COMPUTER
ELEMENT

The application of Josephson junctions as sensitive ana-
log detectors of magnetic fields, voltages, or high-frequen-
cy radiation has led to instruments that are the most sensi-
tive currently available, and which approach the
fundamental quantum noise limits.>® The potential of Jo-
sephson junctions as ultrafast digital circuit elements has
also been appreciated, starting with the pioneering work of
Matisoo in the mid-1960s.?' Prototype Josephson junction
computer circuits are currently under study in a number of
industrial laboratories, including IBM and Bell Laborato-
ries. The type of device used in these applications is the
oxide-barrier tunnel junction [Fig. 1(a)], which has a non-
linear quasiparticle conductance. In this section we discuss
the qualitatively similar switching behavior of the RSJ cir-
cuit [Fig. 2(a)].

A useful figure of merit for switching elements used in
computers is the product of the average power dissipation
P in a single device times the delay time or switching time
7p of the device. Small values of both Pand 7, are required
for very fast computers. This is because, as 7, itself is made
smaller, the size of the computer must be reduced so that
signal propagation times are also reduced. The density of
circuit elements will thus increase, and heat removal from
these circuit elements becomes a fundamental problem that
can only be solved by reducing the power dissipation per
device. Stated differently, if a short switching time is ac-
companied by high power dissipation, the allowable densi-
ty of elements may be so low that propagation time, rather
than the intrinsically smaller device switching time, may
limit the speed of the computer. The P 7, product for the
semiconductor devices used in present computers is about
10~ J. Switching devices made with Josephson junctions
have achieved Pr;, products® of =~10~'¢ J. Anacker’ has
recently described the design of a computer based on Jo-
sephson junction logic and memory elements, with circuit
complexity roughly comparable to a current IBM Model
370/168 computer, which uses semiconductor devices.

Junction voltage V(mV)

Time (msec)

Fig. 6. Junction voltage plotted versus time for points D and £ in Fig. 4(c),
on the first Shapiro step. Both waves have the same fundamental frequen-
¢y {500 Hz) as the ac bias current. As shown in Fig. 4(c}, the time average
voltages are the same for curves Dand E, (V') =260 mV.
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Fig. 7. Circuit model of an early form of Josephson computer switching
element, the magnetic-field-switched, in-line gate. The junction is biased
with a dc current J,,. In the zero-voltage state all of the bias current flows
as supercurrent in the junction and none reaches the load R,. In the
voltage state some of the bias current flows through R, . The junction is
switched into the voltage state by application of a magnetic field, which
decreases /... The current through R, produces a magnetic field that can
be used to switch another similar circuit.

The Josephson junction computer would have overall per-
formance a factor of 20 times that of the 370/168 comput-
er. The Josephson computer would have a machine cycle
time 20 times faster than the 370/168, and a main memory
3 times larger with an access time also 20 times faster than
the 370/168. The Josephson junction computer would dis-
sipate 7 W at 4.2 K, and have a volume for the cooled
electronics of =3 X 10° cm?, comparable to a desk-top cal-
culator. Cryogenic cooling would of course be required.

The first type of Josephson switching element studied,'
called an in-line gate, utilized the magnetic field depen-
dence of the critical current of a single oxide~barrier tunnel
junction. (See Matisoo, Ref. 7, p. 57 for a three-dimensional
perspective of such a junction.) The effect of a magnetic
field oriented with B perpendicular to the direction of cur-
rent flow through the junction is to produce an additional
phase shift & (x} that varies with position x along the surface
of the junction.® The supercurrent through the junction is
given by

A= ff.fc sind (x)dA,

where J, is the critical current density and A is the area.
This integral implies interference between'currents with
different values of &(x) [e.g., current with 8 (x}=#/2
through an area element is cancelled by that with
8 {x}) = — m/2 through another area element.] The result-
ing expression for the maximum or critical supercurrent as
a function of the magnetic flux is given in Ref. 8, and is like
that for single-slit diffraction in optics.

In such a magnetic-field-dependent switching element
the junction is biased with a dc current I, which is some-
what less than the critical current with no field, I, ,. Appli-
cation of a magnetic field reduces the critical current to a
new value I, <I,. The junction will thus switch from a

point on the I-(¥') curve for the initial value of critical

current, I.,, to a point on the I-(¥') curve for the new
critical current I,,. Figure 7 shows one possible biasing

arrangement, in which a current source supplies dc current

I, to a Josephson junction in parallel with a load resistor

R, .InFig. 8(a) we have drawn a load line, representing the.

effect of the external elements I, and R,, on the I-(V")
characteristics for a junction with two different values of
I, denoted by I, and I, . These I-{V") characteristics re-
present a resistively shunted junction [Fig. 2(a)] with negli-
gible capacitance. (Such low-capacitance junctions have
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only recently been realized in practice with oxide-barrier
tunnel junctions.)

Switching of the analog can be achieved by suddenly
connecting a 200-k{2 resistor across the 49.9-kf2 input re-
sistor of the multiplier with a pushbutton switch. The volt-
age across the 200-k.2 resistor can provide a triggering sig-
nal to the oscilloscope. Whenever I, = 1., the circuit
resides at point 4 in Fig. 8(a) and the voltage across R, is
zero; but when [, = I; the circuit resides at point B and
there is a finite voltage across R .

In almost all oxide-barrier Josephson elements the ca-
pacitance is large enough to produce hysteresis [Fig. 8(b)].
For this case, if we begin with I, = I, and with the circuit
at point C in Fig. 8(b), it switches to point D when I, is
reduced to I, and it remains at (i.e., latches-at) point D
after I, returns to I 4. To return the circuit to point C one
must reduce the bias current briefly to zero. (Nonlatching
logic is modeled by the C = 0 case.)

Most Josephson devices under development as computer
switching elements employ tunnel junctions, which have
quasiparticle /-¥ characteristics like that shown in Fig.
8(b) as a dashed curve. With 5.> 1, a tunnel-junction gate

>
[l
[+]
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00

Time average junction voltage<V>{mV)

B— I
L 1
50 IgInleq 150 200
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[+]
o

400
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o I ! ! L
[ 50 Iyl 150 200
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Time overage junction voltage <V>{mV)

Fig. 8. Load lines are drawn on the I-(¥') curves for a junction with two
different values of critical current, I 5 and 1, to model a Josephson junc-
tion computer element, Fig. 7. In (a) the junction capacitance (and 8,) are
zeroand the I-( V') curve for each value of I, is single valued. The junction
switches from point A to point B when I, is reduced to /.,. In (b} the
capacitance is 10 uF (8, = 50) and the /-(V’) curves are hysteretic. The
junction switches from point C to point D when I, is reduced to I.,. The
dashed curve in (b) represents a typical I-{¥") curve for an insulator—
barrier tunnel junction [see Fig. 1(a)]. This nonlinear quasiparticle charac-
teristic is replaced by a straight line through the origin in the RSJ model.
In practical in-line computer gates, insulator-barrier tunnel junctions
with B, > 1 are used and the /-(¥) curve has two branches, one having
(V) =0 and the other being almost exactly the quasiparticle curve. The
switching then occurs between points C and E. To reset the gate and
return to the zero-voltage state of point C, the bias current J, must be
reduced momentarily to near zero. Thus in-line gates with 8> 1 are
latching logic gates.
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will switch from point C to point E upon application of a
magnetic field.

Present designs of Josephson junction computers use
multiple junction devices to form the basic logic (or mem-
ory) element. These include interferometers (SQUIDs) that
can be switched by either a magnetic field*® or by direct
current injection,*® and other multijunction structures.>*
All these devices allow independent variation of the induc-
tance and critical current, thus giving much better perfor-
mance and economy of space as lithographic dimensions
are reduced, as compared with in-line junctions. Wider op-
erating margins also can be achieved with current
injection.®?

Figure 9 shows an oscilloscope trace of junction voltage
as a function of time, as the junction switches from point C
to point D in Fig. 8(b), following a sudden reduction of the
critical current from I to I, . The Josephson oscillations
are clearly visible on the switching waveform. After the
initiation period of =20 msec, the waveform has a risetime
of =R, C, as expected from simple circuit theory if I.,
were zero. (R is the parallel combination of R and R,
here equal to 1.0 kf2.) Since I, is finite, Josephson oscilla-
tions are also clearly visible on the switching waveform. We
find this combination of Josephson and RC times to be a
beautiful demonstration of both the quantum-mechanical
and the classical behavior of Josephson junction devices.

VII. CONCLUSIONS

We have shown that an electronic Josephson junction
analog constructed from just three integrated circuits plus
an external reference oscillator can exhibit many of the
circuit phenomena of a real Josephson junction. The time
scale for the electronic analog is more than 10° times slower
than a real junction, permitting voltage and current wave-
forms to be displayed on an ordinary oscilloscope. The
waveforms and J-¥ characteristics obtained from the ana-
log give insight into the circuit behavior that cannot easily

be obtained from the nonlinear differential equations that

describe the Josephson junction.
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APPENDIX A

When we first breadboarded a design similar to that of
Fig. 3 we experienced a minor problem that proved to be
difficult to troubleshoot because it came from two sources.
The problem was manifested as Shapiro steps [see Fig. 4(c)]
of nonzero slope, with the voltage at the end {E ) of the first
step being about 1% greater than the voltage at the begin-
ning (D) of the step. This turned out to be caused by what
we call spurious locking. Spurious locking is a tendency for
the VCO to run at the same average frequency as the refer-
ence oscillator even when the siné feedback to the VCO
input through R, is not present. The two causes of spurious
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locking were found to be (i) a direct interaction between the
reference oscillator input and the VCO via the sync input
(pin 2) of the AD 537 VCO and (ii) a less direct interaction
between the multiplier and VCO via the power supply. The
first problem was solved by shunting the VCO sync input to
ground with a 0.1-uF capacitor and by using a grounded
shield around the reference oscillator input lead. The sec-
ond was solved by inserting 10002, 33-uF decoupling fil-
ters in the power supply connections to the AD 532 multi-
plier and the AD 537 VCO.

In addition we found an easier method of detecting spur-
ious locking than setting up simultaneous dc and ac current
biasing and observing the slope of the Shapiro steps. All
one need do is break the loop by setting the mode switch to
the grounded, or voltage bias, position and observe the sind
waveform on an oscilloscope as the reference oscillator fre-
quency is varied. With no spurious locking siné should be a
sinusoidal function of time even for very low (~ 1 Hz) dif- -
ference frequencies. Spurious locking shows up as a nonsin-
usoidal (for example, a sawtooth) variation of sind with
time and, if the problem is really serious, the VCO frequen-
cy may even lock to'the reference oscillator frequency.

APPENDIX B

Equation (20) relates the average junction voltage (¥ ) to
the dc bias current /, for the case of zero junction capaci-
tance and J,, > 1. This result was first stated by Stewart and
McCumber®® and by Aslamazov and Larkin,*® and is wide-
ly used in comparisons of experimental data with the pre-
dictions of the RSJ model. Solymar (Ref. 6; p. 167-9 and
Appendix 6) has given derivations of the time-dependent
quantities ¥(¢t) and I,(¢) using normalized variables. For
completeness, and also to show explicitly the dependence
on experimental variables, we present here an outline of a
similar derivation.

To obtain Eq. (20) we begin with Eq. (19) and separate the
variables to obtain

kR dt =d6 /(I, — I, sind). (B1)

The indefinite integral of the right-hand side is given in
standard tables, for example, Dwight®® (No. 436.00) or
Handbook of Chemistry and Physics, 51st ed.>” (No. 340).
The result of integrating Eq. (B1) is

Iyt -
kRt + const = ——___(Iz 212)1/2 ta “(————-—o(;:lw/lzz))mlc)
o~ 4 [+ Bt
(B2)

Junction voitage V{mV)

0 20 40 60 80 100
Time (msec)

Fig. 9. Junction voltage as a function of time after the critical current is
reduced from 100 A to about 80 uA by connecting a 200-k{2 resistor in
parallel with the 49.9-kf2 input resistor of the multiplier with a pushbut-
ton switch. The junction capacitance is 10 4F as in Fig. 8(b}.
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It is convenient to choose the constant of integration to be
T e

g5 —12)'" I, -1
sothat § = — 7/2 at £ = 0. With this choice Eq. (B2) may

be solved, after considerable manipulation, to give the ex-
plicit time dependences:

I, —Iycos[kR (I3 —1I%)V?%]

in@(t) = B3
sbl)=—7 oskRE 17
and
vie)=k-1 %0
dt , ,
R(I3 —1?) -

- Io— I +2I sin®[(kR /2)I2 — T}V ]

Equation (B4) agrees with Eq. (148) of Ref. 21 and with Eq.
(6) of Ref. 35. It may be compared directly with curves like
B and Cin Fig. 5, and Eq. (B3) may be compared with the
sind (¢ ) output of the analog.

Theexpressionsforsing (¢ )and ¥ (¢ ) givenin Eqs. (B3)and
(B4) are seen to be periodic with period

T=2a/kR (I} —I2)V2. (BS)

In order to compute the time average voltage (V' ), we
take the time average value of both sides of Eq. (13). Clear-
ly, the time average value of d6 /dt is 27/ T, which we may
write in terms of I, with the help of Eq. (B5). The result for

(V)is
(V) =,k—‘<i;ft’-> = % =R(I2 1?2 (B6)
which is Eq. (20} in the text.

Note added in proof. Recently two of the authors have
developed a slightly different electronic analog based on a
sample-and-hold technique applied to the reference oscilla-
tor signal.'® That analog is somewhat simpler and less ex-
pensive, but does not provide as good an illustration of the
mixing process and lock-in amplifier operation. However,
if one wishes to emphasize only the junction terminal prop-
erties, then the other analog design' may be preferred. Our
discussion applies in full for both analog circuits.
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