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Results of digital and analog simulations of the I-¥ characteristics of small Josephson tunnel
junctions are presented for a variety of cases, and are compared with the recent experimental
results of Howard ef al. [Appl. Phys. Lett. 35, 879 (1979)] on small-area, high-current-density
junctions. The lumped-circuit-element model of Stewart and McCumber with an adjustable
nonlinear quasiparticle conductance and various capacitance values is employed. The value of
junction capacitance inferred from the digital simulation for a 10~ °-cm? junctionis 9 X 10~ '* F.
This represents a normalized capacitance 8. = 0.3 for the junction considered, which had a
critical current density ~10° A/cm?. The inferred capacitance is in agreement with the value
extrapolated from previous experimental results. Both digital and analog simulations resultin -V
curves which show a previously unreported crossing of the quasiparticle and total current curves.

This crossing is due to an averaging in time of the voltage across the nonlinear quasiparticle-
conductance channel. The crossing is not seen in the experimental results of Howard ez al.
Differences between the experimental and simulated I-V curves are discussed.

PACS numbers: 74.50. 4+ r,73.40.Rw
I. INTRODUCTION

In recent years Josephson tunnel junction devices have
been of increasing interest in a variety of electronic applica-
tions, including sensitive magnetometers and voltmeters,
high-frequency detectors, and fast digital computer and sig-
nal processing circuits. However, most tunnel junctions suf-
fer from having a large shunt capacitance, which can prevent
their use in many of the analog applications. This capaci-
tance also places a lower limit on the RC switching time in
digital applications, and results in latching logic circuits
which require an ac power supply.

Recently, much effort has been devoted to removing the
deficiencies which result from large junction capacitance.
Reduction of the junction area, and hence capacitance, has
also been achieved, with the use of advanced lithographic
techniques. Howard er a/. have produced ultrasmall junc-
tions'> with areas 107 °~107'% ¢cm?, in which the effects of
shunt capacitance are significantly reduced. The successful
fabrication of these junctions allows direct tests of the var-
ious theoretical models for the behavior of tunnel junctions
with little capacitive shunting.

In this paper we present digital and analog simulations
of the I-¥ curves of such ultrasmall junctions, and compare
the results of the simulations to the experimental data.' The
purpose of this work is to study the applicability for very
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small junctions of the lumped-circuit-element model which
has been employed extensively to explain the behavior of
large junctions.” As previous simulations of tunnel junction
I-V curves*™" have been restricted to specific junction param-
eters, we also present here results from the analog simula-
tions for a wide range of junction parameters, to aliow com-
parison with future experiments.

Il. MODEL AND METHODS OF SIMULATION

The simulations to be described use the lumped-circuit-
element model of a Josephson oxide-barrier tunnel junction,
in which the junction current is given as®

I=I‘,sin9+1qp(V)+C% (1)
!
and

dt b

with @ the quantum phase difference across the junction, I,
the critical current, I, (V) the voltage-dependent quasipar-
ticle current, C the junction capacitance, and 4, the super-
conducting flux quantum =4 /2e = 2.07x 107" V sec.
(The quasiparticle conductance G, is defined as I,.(V)y/v.
With G,, = R ~', a constant, Egs. (1) and (2) describe the
resistively shunted junction (RSJ) model of Stewart and
McCumber.") The model of Egs. (1) and (2) is often called the
resistively shunted junction model with a nonlinear quasi-
particle conductance. For the small junctions to be consid-
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ered here, the phase difference @ is uniform across the junc-
tion, because the junction dimensions are <A,, the
Josephson penetration depth.’

In the RSJ model the parameter 3, specifies the nor-
malized capacitance. For tunnel junctions we define 3. to be

B. =2rI.R2C /4, (3)
with R, '=G,, the normal-state conductance, which is
equal to the quasiparticle conductance at voltages well above
the gap voltage V,. We retain this parameter in our discus-
sion of tunnel junctions because it is a prime determinant of
the hysteresis of the tunnel junction I-V curves.

In the discussions which follow, the junction is treated
as being current biased, so that in Eq. (1), / = I, a constant,
The external circuitry supplies this dc current. At high vol-
tages, and thus at high frequencies, the series inductive im-
pedance of the film electrodes would also tend to current bias
the junction.” In the measurements by Howard et al.' 20-
um-wide strips lead to the junction. We estimate an induc-
tance of about 10 pH per square for these strips, so that in the
500-GHz frequency range, the inductive impedance of a few
squares of strip length exceeds the junction impedance.

The series inductive impedance of the electrodes also
prevents most of the electrode capacitance from affecting the
junction I-V characteristics.” We roughly estimate that only
the capacitance between the first 20-um lengths of the elec-
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F1G. 1. (a) Circuit of electronic analog. The total “‘junction™ current
I=V_/r, is given by Eq. (5). Operational amplifier is a type 741, voltage
controlled oscillator (VCO) a type 555. Sample-and-hold circuit isa CMOS
4066 switch, driven by the VCO to sample the sinusoidal reference voltage
once each cycle, and followed by a 500-pF storage capacitor and unity-gain
741 buffer; ¥ = r = 10 kf2. (b) Bipolar transistor switch circuit used as non-
linear quasiparticle conductance, G (V). Voltage of 10-k{2 potentiometer
controls V, , thebreakpointof G (V].R, =R, R ’/(R, + R’). Operationalam-
plifier is a type 741; transistor 2N3642. Voltage at tap on 10 k{2 potentiom-
eteris — 3.52V.
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trodes can affect the junction. This capacitance is a few fF
(1 fF =1071% F), and thus will not significantly increase the
effective junction capacitance which determines the I-V
characteristics. Still, the capacitance value one can infer
from the hysteresis in the /-V curves (see below) represents
an upper bound on the “intrinsic” junction capacitance.

Two different methods of simulation were employed to
obtain the results we present. One method involved digital
techniques; the other, analog. Digital simulation of current-
biased junctions was carried out by solving the second-order
differential equation implied by Egs. (1) and (2). That second-
order equation was solved numerically using the improved
Euler method. '

Junction parameters of the digital simulation were tak-
en from the experimental data. The voltage-dependent con-
ductance G, (V') for Eq. (1) was derived from the measured
quasiparticle /-V curve of the ultrasmall junction of Howard
et al.'. Their quasiparticle curve 1., (V') was measured by
applying a magnetic field to suppress /, to zero. The capac-
itance C was taken as a variable in the digital simulation.

Analog simulations of current-biased tunnel junctions
were carried out with a phase-locked-loop electronic junc-
tion analog. Extensive results have been obtained with this
analog for the RSJ model and for dc and rf SQUIDs."'!
These results agree well with results in the literature, and
will be reported elsewhere.

A circuit diagram of the junction analog employed is
shown in Fig. 1. In the electronic analog the quantum phase
difference is modeled by the phase difference between a volt-
age-controlled oscillator (VCO) and a fixed-frequency refer-
ence oscillator with an angular frequency w, ~ 6 X 10°rad-
/sec. (See Fig. 1.) The instantaneous VCO angular frequency
isdBy.,/dt = 27V (1)/2 ] + ,, with 4 a constant. The
VCO produces a pulse for each 27 increase of its phase; these
pulses drive a sample-and-hold circuit which samples the
sinusoidal reference oscillator signal every =~ 10 usec. The
smoothed voltage output of the sample-and-hold circuit is
thus proportional to the sine of the phase difference 6 be-
tween the VCO and reference oscillator,

6 =0, — Oppy = J %171 V(t)dt, (4)
in analogy to Eq. (2}.

The operational amplifier in Fig. 1{a) is in the standard
inverting configuration. Therefore the virtual ground ap-
proximation applies; the negative terminal is at ground po-
tential and the sum of the currents into the negative terminal
is zero. As a result, the total applied current I = V_/ris
given by

= V—“,“Lsme +G(V)V+C—(Z—IV. (5)

¥
The electronic circuit is thus an exact analog of the Joseph-
son junction described by Eqs. (1) and (2). The identifications
I — Vig/r and G, (V)—G (V') apply; 4 is the analog of
the flux quantum ¢,,.

The voltage-dependent conductance G (V') is imple-
mented with a bipolar transistor switch, as shown in Fig.
1{b). In this circuit the junction voltage is amplified, and used
to close the transistor switch when V> V. Quasiparticle I-V
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FIG. 2. Current-voltage curves from digital simulations for C =9x 10 *'*
Fand C = 50X 10~'*F, and experimental curves (Ref. 1) of the total junc-
tion current J and the quasiparticle current. The critical current 7, and
return current, /, are noted for the experimental curve. Simulation curve
for 9 10" '* F has same value of I, ; note that this curve crosses the quasi-
particle curve twice. Curve for 50 10~ '* F is not shown above 150 uA; it
exhibits a similar crossing.

curves were approximated by three straight line segments
(shown below). 5. and the subgap quasiparticle resistance R,
(for ¥ <V,) were adjustable. V,/I.R,, was set to be ~1.7,
close to that of the experimental data although larger than
the zero-temperature theoretical value. The resulting quasi-
particle curves are a much better approximation to the char-
acteristics of real junctions than those produced in other
electronic analogs.'”

IIl. RESULTS

The results of the digital simulation for the time-aver-
age junction voltage ¥ as a function of the total junction
current [ are plotted in Fig. 2. Curves for C=9x 10715 F
and C = 50X 10~ " Fareshown. The value C = 9X 10~ 'S F

gives the best fit to the hysteresis of the experimental total
current curve (solid line). This value of C corresponds to
B.=03.

Results obtained with the analog simulation are pre-
sented in Figs. 3(a) and 3(b). In Fig. 3(a), the subgap resis-
tance R; is equal to 4R, ; in Fig. 3(b), R, = 2R, typical of a
junction with significant subgap leakage current. These two
values of R;/R,, were chosen because the subgap conduc-
tance of the experimental quasiparticle curve falls between
these two limits. Results for various values of 3. appear in
Figs. 3(a) and 3(b).

A surprising feature of both the digital and analog sim-
ulations of Figs. 2 and 3 is that the average voltage crosses
the quasiparticle {dashed) curve twice. Only at high voltages,
VsV, , does the simulated curve approach the quasiparticle
curve. This double crossing is not seen for the H = 0 experi-
mental data (solid line, Fig. 2). We shall discuss the discrep-
ancy below.

An overall trend of the data in Fig. 3 is that, for fixed 5,
the hysteresis increases with increasing subgap resistance.
This is in agreement with the experimental conclusion of
Howard et al. The curves for 5. = 0.3 (the value set by the
digital results) give I, /I, =0.87and 0.98 for R /R, = 4
and 2, respectively. (I is the current at which the voltage
returns to zero.) These values of I, /1. bracket the experi-
mental value of I, /1, = 0.93.

In Fig. 4 we plot I /I, as a function of 5. Data from
numerous sources are included in this figure. Results from
our analog and digital simulations of the RSJ model (con-
stant G, ) are shown. Note how closely these correspond
with McCumber’s calculation® for the RSJ model. Our re-
sults from the analog simulations with nonlinear G,,(V}are
also shown. The trend of increased hysteresis with increas-
ing R, is again evident here. We also plot for comparison the
results of Stewart® who computed I-¥ curves for quasiparti-
cle curves with the dependence I ap (V)< V" The results for
n=2and n = « are shown (n = 1 is the RSJ model). The
case n = oo assumes an infinite rise of the quasiparticle cur-
rent above the gap voltage. Stewart’s parameter
k=I.¢,/(27CV} ) is related to B, by
B.=k ~'(I.R,/V,)’ forn =2and . Finally, the best fit
from the digital simulation of the experimental data of How-

FIG. 3. Normalized current-voltage
curves from the analog simulations for
two values of sub-gap resistance R v (a)
R,/R, =4,and (b)R,/R, =2, and for
various 3, values. Quasiparticle current
curve [ is dashed. For clarity, only the
curves for 8, = 0 and 1.0 and the quasi-
particle curve are shown for voltages
above V. Also, the jump to the finite volt-
age curve when [ exceeds 7, is shown only
for . = 0.3 in Fig. 3(a). Note crossings of
quasiparticle curve and 3, = 0 curve for
VX V,. All curves merge at voltages > V.
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FIG. 4. Normalized return current IR/Ic as a function of B, from
the analog simulations for values of R’-/Rn =4, 2, and for the RSJ
model; from the digital simulation and from computations of Mc-
Cumber (Ref. 8) for the RSJ model; and from computations of
Stewart (Ref. 5) for a quasiparticle conductance which depends on
voltage as V", for n =2 and . Also shown is the experimental data
point from Ref. 1, with g, determined from Fig. 2. For the Stewart
curves, we have taken V, /]cRn =1.7, as in Fig. 3. (This value is close
to that of the experimental results in Refs. 1 and 2.)

ard et al. is shown. It lies between the R;/R, = 4 and
R;/R, = 2 analog simulations, as previously noted.

While the qualitative dependence of I /1, on f3, is simi-
lar for the analog simulations and Stewart’s computations,
there are quantitative differences, and the shapes of the
curves also differ. Stewart’s model assumes a quasiparticle
current greater than ¥V /R, for V> V. While mathematical-
ly tractable, that assumption is not physically reasonable.
This is in contrast to the realistic model for 7, employed in
our analog simulations. We therefore believe that the analog
simulation results will be more accurate in providing a rough
assessment of junction quality (i.e., R; /R, ) if the quasiparti-
cle curve cannot be measured, but 3, can be estimated. These
simulation results can also be helpful in determining the
amount of external shunt conductance required to eliminate
hysteresis.

IV. DISCUSSION

Two features of the simulations are of particular inter-
est: (i) the value of capacitance required for a best fit to the
experimentally observed hysteresis, and {ii) the physical ori-
gin of the crossing of the quasiparticle and total current
curves.

The value of junction capacitance derived, 9107 '* F
from the digital simulation and a similar value from the ana-
log simulations, is in fact in good agreement with a value of
7% 10~ '3 F which we infer by extrapolating data obtained at
IBM by Magerlein.'* Magerlein studied oxide tunnel bar-
riers formed by rf sputter oxidation'* '’ of Pb-alloy base elec-
trodes with 26.7 at. % Indium. Junctions studied had criti-
cal current densities j, ranging between 100 and 1000
A/em? Forj, = 10°A/cm?, a specific capacitance, C, = 4.4
uE/cm?, was measured. C, depended only weakly on the
magnitude of j, . Extrapolating the expression'? for C, ,a val-
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ueof C, = 6.5 uF/cm” is obtained forj, = 1.2 X 10° A/cm?,
appropriate for the junction of Fig. 2. We thus obtain a value
of C = 7x 107" F for a junction of area 10~° cm”.

While the capacitance value of 7X 10~ '* F obtained
above is in reasonable agreement with the value inferred
from the digital simulations of 9X 10~ ' F, the agreement
must be viewed as qualitative. This is because junction areas,
determined by SEM examination, are uncertain by about
20%. Also, the oxide tunnel barriers of the junctions studied
in Ref. 1 were formed by thermal oxidation, and not the rf
sputter oxidation process. We believe that the general agree-
ment of the capacitance values does suggest that the ob-
served hysteresis is #not due to extrinsic effects in the elec-
trodes, such as heating or nonequilibrium effects. Such
effects in general increase the observed hysteresis.

The second major feature of the simulation results is the
crossing of the total current curve and the quasiparticle
curve (dashed curve) seen in Figs. 2 and 3. This crossing may
at first seem surprising, since it appears that by adding the
supercurrent channel in parallel with the quasiparticle chan-
nel, less current flows at a given voltage in the region of the
crossing. In fact, this interpretation is not correct. The
curves only show that where the crossing occurs, a larger
average voltage is developed when the supercurrent channel
isincluded. We shall demonstrate below that this is a correct
and reasonable result of the model considered. It is signifi-
cant that the crossing feature does not show up in simula-
tions for the RSJ model [G,,(V)=R ~'].

To explain the crossing effect, we offer the following
reasoning. Consider the simplest case, with C = 0, so that
only the supercurrent and quasiparticle current contribute
to the total current. Recall that the quantity ¥ we must de-
termine is the time-average voltage. If we imagine discon-
necting the supercurrent channel, so that I, = I, then [, is
a dc current. To be specific, let us take the quasiparticle
I, (V) curve of Fig. 3(a), and set I = 1.51,. The dc voltage
developed across the quasiparticle channel is that at point 4,
and is approximately equal to the gap voltage V, =V,

If now the supercurrent channel is reconnected in par-
allel with the quasiparticle channel, the quasiparticle current
will oscillate between I — I_and I + I, according to Eq. (1).
The time-dependent voltage will oscillate along the quasi-
particle curve (dashed curve) between 0.5/, and 2.51,. The
time-average voltage V' must therefore be larger than V,; itis
in fact equal to that at point B,V > V. Thus, for I~ 1.51_,
connection of the supercurrent channel can increase the dc
voltage to be above that of the quasiparticle curve. This in-
creased voltage is seen to result simply from averaging the
voltage along the nonlinear quasiparticle curve.

At higher voltages the nonlinearity of the quasiparticle
curve is less important, and the curve for I crosses back over
the quasiparticle curve. The voltage averaging along the
quasiparticle curve described above still occurs. However, if
one stays entirely on the linear section of the 7., curve for
Vs V,, the dc voltage ¥ must be /ess than that of the quasi-
particle channel alone. This is because a longer time is spent
at lower voltages where the phase increases more slowly [see
Eq. (2)]. Thus the two crossing effect evident in Figs. 2 and 3,
though apparently counterintuitive, is real and correct for
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the model of a nonlinear quasiparticle conductance consid-
ered. As would be expected from the above arguments, as
R;—R, one approaches the RSJ model® and the crossing
effect disappears. In the RSJ model, the time-average volt-
age with the supercurrent channel connected is always less
than that of the resistive channel alone.

While the crossing seen in the simulation data is real
and explicable, it is not seen in the experimental data. In-
deed, as seen in Fig. 2, the agreement between the overall
shape of the experimental and simulated -V curves in the
vicinity of ¥, is only moderate. The experimental curve for
the total current / shows a much sharper current increase at
the gap voltage than the digitally simulated curves for either
9% 10~ "*For50x 10~ F. Asharpcurrentriseat V=V, is
also seen in other small or low . tunnel junctions,'® and in
ideal point contacts.'” The discrepancy between experiment
and simulation therefore appears to be due to a deficiency in
the model stated in Egs. (1) and (2).

A possible improvement in the model used here is to
include the frequency dependence of the supercurrent mag-
nitude along with other terms from the microscopic the-
ory.'® McDonald and co-workers® and Zorin and Likharev®
have used the microscopic theory to calculate junction I-V
curves for, respectively, the T = 0 and the finite temperature
cases. The calculated I-¥ curves do not show the crossing
effect. However, the results as a whole show much more
structure than is observed experimentally. The electronic
analog can be extended to include frequency dependence of
I.," and results of such studies would be of interest.

A second effect not included in the model of Egs. (1) and
(2) is thermal noise. The effects of such noise are expected to
be small, because the noise parameter®™ I = 2k, T /1. ¢,

= 1.4 10" * is much less than 1. Noise effects might pre-
maturely trigger a return to the zero-voltage state, possibly
explaining why the corner of the experimental I-¥ curve
near I, is sharper than that of the simulation. However, the
overall shape of the I-V curve should not be greatly affected,
and our qualitative conclusions regarding the crossing effect
should still be applicable.

In conclusion, the circuit model used, the resistively
shunted junction model with a nonlinear quasiparticle con-
ductance and frequency-independent parameters, [Egs. (1)
and (2)], is not fully sufficient to explain the I-¥ curves of
small, low-capacitance Josephson tunnel junctions. The hys-
teresis of the experimental /-V curves is reasonably well ex-
plained. However, the fact that the simulated curves cross
the quasiparticle curve twice, whereas the experimental
curve does not cross the quasiparticle curve at all, is not
explained. A more refined model, possibly including the fre-
quency dependence of the supercurrent, appears to be
required.

A further conclusion may be drawn for those who simu-
late Josephson computer elements. Most simulations of digi-
tal Josephson computer elements® employ the same lumped-
circuit-element junction model as was used here, with fre-
quency-independent parameters. The fact that the experi-
ments and simulations agree well for the case of previously
studied large junctions is in all likelihood due to the effect of
the large capacitance, which acts to shunt ac supercurrents

4149 J. Appl. Phys., Vol. 52, No. 6, June 1981

and thereby reduce the amplitude of the ac (Josephson) volt-
age oscillation. As a result, the excursions along the quasi-
particle curve are small and nonlinear averaging is of little
importance, unlike the case studied in this paper. As junc-
tion capacitances are reduced to obtain faster switching
speeds and as switching times of a few psec are approached, a
more refined model'® may also be required for the digital
circuit simulations.
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