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We describe electronic analogs of a double-junction (dc) SQUID and a single-junction (rf) SQUID
that are simple to construct and operate, and are considerably more flexible than those previously
reported. The Josephson junction analog is based on the Resistively-Shunted Junction {RSJ)
model, and uses a novel method based on a sample-and-hold circuit to generate the sin 8
“supercurrent.” Examples are shown of the single-junction I-V characteristics, threshold curves
of critical current vs applied flux and I-V curves for the double-junction SQUID analog, and rf
SQUID characteristics as a function of applied flux and rf drive current. Other applications of the
analogs, including the incorporation of a nonsinusoidal current-phase relation, are discussed.

PACS numbers: 74.50. + r, 01.50.My, 01.50.Pa

INTRODUCTION

Superconducting quantum interference devices (SQUIDs)
have in recent years been employed in a wide variety of
sensitive electromagnetic devices, and have demonstrated
on a macroscopic scale a number of basic quantum ef-
fects. SQUIDs have been used to construct extremely
sensitive voltmeters and magnetometers,' and are under
active development as switching and memory devices
for a new and faster generation of digital computers.”
A detailed understanding of the behavior of SQUIDs
and the Josephson junction devices on which they are
based is therefore of considerable importance. Because
the Josephson junction devices employed in these cir-
cuits are described by nonlinear differential equations,
the development of an understanding of the circuit be-
havior has to a large extent been accomplished either
by extensive calculations® on digital computers or by
working with mechanical* or electronic® 7 analogs.

While digital computers are of undeniable value in
obtaining specific numerical results, the time spent in
writing, debugging, and running computer programs to
solve the properly-scaled coupled differential equations
is not insignificant. Electronic analogs have an
advantage in demonstrating qualitative behavior quickly
over a wide range of parameters and can usually give
quantitative results to a precision of a few percent. Fur-
thermore, the electronic analogs we describe here can be
breadboarded from readily available parts and made to
work in a day or two by someone with a working knowl-
edge of integrated circuits. As compared with mechanical
analogs, in electronic analogs changes in junction and
circuit parameters can be made easily and interaction of
the junction with time-dependent applied currents or
voltages can readily be studied.
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We present here an electronic Josephson junction ana-
log of the phase-locked-loop type introduced by Bak and
Pederson,’ but with an improved method of obtaining a
current proportional to sin  and an improved method
of summing the supercurrent, quasiparticle current, and
displacement current. We also show how to obtain a
voltage proportional to the quantum-phase difference 6,
and how to use this voltage in constructing analogs of
double-junction and single-junction (rf) SQUIDs based
on the resistively-shunted-junction model® for the indi-
vidual junctions. Nonzero loop inductance is included in
these analogs. Finally we exhibit some representative
characteristic curves for each type of SQUID. Another
application of the junction analog, which incorporates
anonlinear quasiparticle current to simulate the behavior
of an oxide-barrier Josephson tunnel junction, will be
discussed in a separate article.®

While there has been a relatively large number of elec-
tronic analogs of single Josephson junctions described
in the literature,® we know of only one previous article
that has described an 1f (single-junction) SQUID analog®
and only one that has described a double-junction SQUID
analog.” Both of these circuits are considerably more
complex than ours. For example, Tuckerman’s analog
of a double-junction SQUID uses multiple floating power
supplies in simulating inductances and requires a number
of very critical adjustments. We believe that because of
their relative simplicity, the analogs described in this
paper will be of use both as instructional tools and in
exploratory circuit design.

For certain applications, one may require a single-junc-
tion analog in which the junction current is injected at
the same point as that where the junction voltage is mea-
sured. The junction analog we develop in the main body
of this work would not be appropriate in such applica-
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tions. An appropriate junction analog is presented in Ap-
pendix B. That analog utilizes the improved method for
obtaining the sin # supercurrent, but uses the current
summing method of Bak and Pederson.®

I. THE JOSEPHSON EQUATIONS

The supercurrent flow I, through a Josephson junction
is described by the two Josephson equations?®

I,(t) = I, sin 6(1), (N
and
déldt = 2aV(t)/ o, (2

where 6 is the quantum phase difference between the
superconducting order parameters (pair wavefunctions)
on the two sides of the junction, 7. is the geometry-,
temperature-, and material-dependent maximum super-
current, ¢, is the flux quantumh/2e = 2.07 x 10715V s,
and V(r) is the time-dependent voltage across the junction.

In addition to this supercurrent of Cooper pairs, for
nonzero voltages there is a current of quasiparticles
(= single electrons) which is often modeled by the cur-
rent through an ordinary ohmic resistor R. The resulting
resistively-shunted-junction (RSJ) model of a Josephson
junction was introduced by Stewart and McCumber®
and is widely used in both analytical and computer stud-
ies of Josephson junctions and SQUIDs. While junctions
of the microbridge or point contact type are characterized
fairly well by the RSJ model, tunnel junctions are not,
because the quasiparticle current—voltage characteristic
is highly nonlinear. Although it is possible to incorporate
models of the nonlinear quasiparticle conductance of a
tunnel junction into our circuits,® we confine the present
discussion to the RSJ model.

If we include the stray capacitance C across the junc-
tion, the total junction current I is given by

I=1.sin6+ V()R + CdV/de, 3)

which, along with Eq. (2), gives a complete characteriza-
tion of the resistively shunted junction.

Il. ELECTRONIC ANALOGS
A. Single Josephson junction

Figure 1 shows the electronic analog developed for a
single junction. The operational amplifier in Fig. 1(a) is in
the standard inverting configuration. The virtual ground
approximation'® applies; the negative terminal is at ground
potential and the sum of the currents into the negative
terminal is zero. Therefore the bias current I is related
to the currents in the three feedback paths by

I = (sin 8)/r' + VIR + C dV/dt. 4

The electronic circuit is thus an exact analog of the
Josephson junction described by Egs. (1) and (2), pro-
vided we can generate a voltage equal to sin §. Compar-
ing Eqgs. (3) and (4), we see that the op-amp output voltage,
measured with respect to ground, is the analog of the
Jjunction voltage, and 1/r’ corresponds to the critical
current /..
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Fic. 1. (a) Circuit analog for a resistively-shunted Josephson junc-
tion, Eqgs. (4) and (5). The grounded position of switch S, is used when
matching the VCO and reference oscillator frequencies. Junction cur-
rent I = =V, /r. (b) Circuit for generating a voltage equal to sin .
When the control voltage V(¢) of the VCO is zero, the reference
oscillator is sampled once each cycle of its sinusoidal output and sin ¢
is constant. The 555 timer and CMOS 4066 are powered by the +5
volt supply (i.e., not by 0 and +5 volts). The output voltages of the
timer and the inverter (pin 1 of 4066) therefore switch between ap-
proximately +5 and -5 volts. (c) Showing the effect of a slightly posi-
tive V(¢). The sinusoid is sampled slightly earlier each cycle, producing
a staircase wave which rises and then falls, closely approximating
sin 6(r). (d) Details of the VCO circuit of (b). The center frequency
of the 555 timer is adjustable. The timing is determined by the alternate
charging and discharging of the capacitor to the triggering thresholds,
+1.67 volts. The 82.5 and 10 kQ resistors are Corning type RN60D
metal film (100 ppm/°C variation). The 750 pF capacitor is silver mica.
(¢) Inverter circuit for use in circuit of Fig. 1(b). Op amps are type 741.

As in the electronic analog of Bak and Pederson, we
model the quantum phase difference 6 by the phase
difference between a voltage-controlled oscillator
(VCO) and a fixed-frequency, sinusoidal reference
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Fig. 2. Circuit model of a double-junction SQUID. —X— repre-
sents the supercurrent channel of a single RSJ model junction. The
inductances are defined in terms of the flux ¢ produced in the SQUID
loop (perpendicular to the plane of the figure). Thus, ¢ = L,1, — LI,
plus any externally applied flux, ¢.y. Our L, and L, correspond to
¥, and %, of Ref. 14, and include the effects of mutual inductance.
Because the average voltage across L, or L, is zero, the average voltage
(V,) across the SQUID is equal to the average voltage across either
junction.

oscillator of angular frequency w,. If the VCO is adjusted
to run at precisely the same frequency as the reference
oscillator when its control voltage V is zero, and if the
VCO frequency-voltage characteristic is linear, then for
nonzero voltages the VCO angular frequency is given by
dBycol/dt = wy + 2wV (2)/\. The rate of change of phase
difference between the VCO and reference oscillator is
thus given by

déldt = 27V (t)/\. (5

Equation (5) is analogous to Eq. (2) with ¢, replaced by A.

Our method of generating sin 4 is shown in Figs. 1(b)
and (c). The idea is to sample the sinusoidal voltage from
the reference oscillator once each cycle of the VCO wave
and store this value on a capacitor C,. Since the
amplitude of the sine wave is adjusted to be 1 volt zero to
peak, the set of sampled voltages closely approximates
the continuous function sin 6(¢). With the reference os-
cillator and VCO running at about 100 kHz, the updating
of the capacitor voltage occurs approximately every 10
ws. Thus the sampled voltage at the output of the sin 6
circuit is a staircase wave which lags the instantaneous
value of sin 6 by an average delay of =5 us, which is
small compared with the time scale (~1 ms) over which
sin 6(t) and V(z) change.

This method of generating sin € is an improvement
over earlier methods that mix (multiply) the signals from
the reference oscillator and the VCO and filter the mixer
output with a low-pass filter (see Bak, Ref. 5). The filter
introduces a phase shift (associated with the typical low-
pass filter time constant of 100 us) which is more than an
order of magnitude larger than that associated with our
sample-and-hold circuit. In addition, the mixer circuit is
often a special purpose and relatively expensive inte-
grated circuit whereas all the integrated circuits in our
analog are inexpensive and readily available.

In Fig. 1(b) the VCO is a 555 timer configured as in
Fig. 1(d). The sampling switch is one section of a CMOS
4066,'! the inverter is made from another section of the
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same switch [Fig. 1(e)], and the voltage follower is a
741 op amp, as is the main op amp of Fig. 1(a). Either a
Hewlett—Packard 606A or a General Radio 1310-A was
used as the reference oscillator. All of the integrated cir-
cuits are powered by a single +5 volt supply which con-
sists of LM 7805 and LM 7905 integrated circuit regula-
tors driven by a commercial +15 volt supply (see Fig.
13, below).

B. Double-junction SQUID

Figure 2 shows a circuit model of a double-junction
SQUID, in which the applied current /, splits into cur-
rents /, and /, through the two junctions. The phase dif-
ferences 6, and 6, across the two junctions are related to
the total flux ¢ through the SQUID loop by the well-
known fluxoid quantization condition'?

bldy + (68, — 0,)27 = 0. (6)

Usually Eq. (6) is equated to an integer n. Without loss
of generality we consider the specific case n = 0 and
allow (6, — 6,)/27 to exceed unity. Also, for simplicity
we consider here the specific case of identical junctions,
for which R, =R, =R, C,=C,=C, and I, =1,
= I.. The total flux is the sum of an externally applied
flux ¢y, and the fluxes L,I, and —L,/, generated by the
currents flowing in the SQUID loop. That is,

b = ey + Lyls — L1, (7

In writing Eq. (7) we follow the notation of Fulton,
Dunkleberger, and Dynes, Ref. 4. OQur symbols L, and L,
correspond to ¥, and ¥, of Tesche and Clarke, Ref. 14,
and include the effects of both self-inductance and mutual
inductance. Thus, the instantaneous induced voltages
across L, and L, are not given by L, dI,/dt and L, dl,/dt
but rather are linear combinations of dI,/dr and dlI,/dt.
However, we need not consider these voltages in our
analysis because we are interested only in voltages aver-
aged over the period of a Josephson oscillation. Such
average voltages across L, and L, are zero.

Combining Eqs. (2), (3), (6), and (7) with Kirchhoff ’s
current law, we arrive at the following six equations
involving the variables I,, I, 6, 6,, V, and V,:

Iy =1.sin6, + V,/R + CdV,/dr, [8(a)]
I, =1.sin 6, + Vy,/R + CdV,/dt, [8(b)]
dé,/dt =27 V,/d,, [8(c)]
do,/dt = 27 Vy/d,, [8(d)]
Iy =1, + I, (8(e)]

Gext/by + (Lol Jy) X I/

= (LiLJgy) X LI + (8; — 6,)2m = 0. [8(F)]

Figure 3(a) shows our analog of a double-junction
SQUID. This contains a pair of junction analogs [Fig.
1(a)] that satisfy equations analogous to Eqgs. [8(a)]-
[8(d)}. The currents /; and /I, in the analog are supplied
by a circuit containing three op amps in a closed loop
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Fi1G. 3. (a) Circuit analog of a
double-junction SQUID. Each
box labeled J contains the circuit
within the dotted lines in Fig. 1(a)
and is powered by its own =5
volt supply driven by a common
+15 volt supply. All other cir-
cuits are powered by a third 5
volt supply. Currents are denoted
by arrows; voltage values are en-
closed in boxes. r = 10 k. (b)
The circuit for generating a cur-
rent proportional to 6, — 6,. The
XOR output is a square wave of
variable duty cycle. The resulting
current is smoothed by the RC
filter circuit. All integrated cir-
cuits are powered by a =S volt
supply. (¢) The variation of cur-
rent with phase angle for the cir-
cuit in (b). The circuit of Fig. 3(a)
is a good analog of a double-junc-
tion SQUID provided |92 - 0,|
does not exceed 4 7. See Ap-
pendix A for component selec-
tion.
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configuration. These op amps constrain the currents to
satisfy equations analogous to Eqs. [8(e)] and [8(f)].
Provided we can generate a current (6, — §,)/27r, the
equations satisfied by the analog are

I, =sin 8,/r' + V{/R + CdV,/dt, [9(a)]
I = sin 6,/r' + V2/R + CdV,/dt, [9(b)]
de,/dt = 27V,/x, [9(c)]
do,/dt = 2w V,y/\, [9(d)]
Iy =1, + I, [9(e)]
Gext/Py + (rlayr’) = Lyr'
= (rlay’y X Iir' + (8, — 6))2m = 0. [9(f)]

Using the virtual ground approximation discussed pre-
viously, Eq. [9(e)] says that the currents into the invert-
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ing input of op-amp #3 sum to zero. Op-amp #2 is a
unity-gain inverter. Equation [9(f)] says that the currents
into the inverting input of op-amp #1 sum to zero. In the
second and third terms of Eq. [9(f)] we have multiplied
and divided by r’ [see Fig. 1(a)], which is numerically
equal to 7, in order to facilitate making identifications
between quantities in Eqgs. (8) and (9). These identifica-
tions are

I.— 1/r',
bo = A,
Lyl./py—rir'a, = 1a,,
Ll /g —rira, = 1a,,
L/l.— L',

L/l — Lr'.

(10)
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FiG. 4. Circuit diagram of a single-junction (rf) SQUID. The tank
circuit and the SQUID loop are weakly coupled by the mutual in-
ductance M. The average amplitude of the rf tank circuit voltage V, is
a function of both the tank circuit drive current /. and the externally
applied flux, ¢y, linking the SQUID loop.

Thus, in the analog the voltages /,r' and L’ represent
the normalized currents/,/I.and 1,/1,. of the real SQUID.

The current (6, — 6,)/27r is obtained from a phase-
sensitive detector in which the output voltage is propor-
tional to 8, — 6, over the range —4= to 4=. This phase-
sensitive detector is illustrated in Fig. 3(b). It is simply an
exclusive OR (XOR) logic circuit preceded by CMOS
4040 divide-by-eight counters, and followed by an RC
low-pass filter. The inputs to this XOR circuit are square
waves with logic 1 equal to 5 volts and logic 0 equal to
—5 volts. Although the output voltage of the XOR cir-
cuit switches rapidly between +5 and —35 volts, its aver-
age value varies linearly with the phase difference be-
tween its square wave inputs, from —35 volts when these
inputs are in phase to +5 volts when they are 180° out
of phase.

The divide-by-eight binary counters inserted between
the VCO outputs and the XOR circuit serve three pur-
poses. First, they convert the pulse outputs of the VCOs
to symmetric square waves necessary for operation of
XOR phase detector. Second, they permit the VCO out-
puts to be in phase (6, — ¢, = 0) when the outputs of the
divide-by-8 counters are 90° out of phase. Third, and
most important, they enable the voltage-phase charac-
teristic of the detector to be proportional to 6, — 6, over
two complete cycles of phase difference in either direc-
tion from zero [see Fig. 3(c)]. If for some reason the
magnitude of the phase difference becomes greater than
47, the averaged XOR output current begins to decrease
linearly, the entire characteristic being a triangular wave
with period 167 [Fig. 3(c)]. Thus, the entire analog is
limited to phase differences for which |6, — 6,| < 47.

It is important to realize that an alternate method of
obtaining a 6§, — 6, voltage, by integrating V, and V, to
obtain voltages proportional to ¢, and 6, and then sub-
tracting these voltages, would be an unsatisfactory way
of obtaining 6, — 8,. This is because, even if sin 6, and
sin 6, were individually to remain constant, meaning that
both VCOs were locked to the reference oscillator fre-
quency, drifts in the integrators would cause the 6, — 6,
voltage to change. Indeed, the integrator outputs repre-
senting 6, and 8, could eventually saturate. This problem
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was recognized by Tuckerman,” who abandoned the
phase-locked-loop approach and devised another method,
which is considerably more difficult to build and adjust
than is ours. In our analog, when sin ¢, and sin 6, are
constant, the fact that the phases of the VCO outputs
are fixed relative to the reference wave assures that the
phases are fixed relative to each other, and that the
8, — #, current remains constant.

C. Radio-frequency SQUID

The circuit diagram of an rf SQUID, which is widely
used to measure weak magnetic fields and is commercially
available, is shown in Fig. 4. It consists of a radio-fre-
quency current-driven tank circuit magnetically coupled
to a superconducting loop containing a Josephson junc-
tion. When an rf current, /., is first applied to the tank
circuit the rf current /, in the inductance begins to build
up with a time constant of perhaps 20 periods of the rf
frequency. As I, increases, the rf flux in the SQUID
loop produced by I, induces an increasing rf current in
the loop. At first this current flows through the Joseph-
son junction almost entirely as supercurrent because
d8/dt, and hence the junction voltage and the quasipar-
ticle current, through R,, are small. But when the peak
supercurrent exceeds /., voltage pulses are developed
across the junction which dissipate energy in R,. This
energy loss is reflected back into the tank circuit and
results in a sudden decrease in /,. The current /, then
starts to build up again and the cycle repeats. The net
result is a time-average rf voltage amplitude across the
tank circuit which saturates at a value V, due to the
energy loss in the junction. The amplitude of this satu-
rated voltage is a function of both the amplitude of the
rf driving current applied to the tank circuit and the ex-
ternal low-frequency or dc magnetic flux ¢,,, linking the
SQUID loop. We return to a discussion of the depend-
ence of V, on ¢,,; and the tank circuit drive current in
Sec. III.

The equations that govern the rf SQUID are written
in terms of the following five variables: the tank circuit
voltage V,, the current in the tank inductance I,, the
voltage V, across the Josephson junction, the SQUID
loop current /,, and the quantum phase difference ¢
across the junction. The tank circuit drive current /. and
the externally applied (low frequency) flux ¢,y in the
SQUID loop are regarded as independently adjustable
parameters. The five rf SQUID equations are

l,. =1, + V|/R, + C,dV,/dt,
V,=L,I.d,/I)dt + MI.d(I,/1.)/dt,
I, =1.sin 6 + V,/R, + C, dV,/dt,

d@/dt - 27TV2/¢(),
and

d)ext/(;bo + (LZI(/d)O) X 12/1('
+ (Ml ./py) x I/, + 6127 = 0.

[11(a)]
[11(b)]
[11(e)]
[11(d)]

(11e)]

Here M is the mutual inductance between the tank cir-
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FiG. 5. (a) Circuit analog of an rf Ry=6.8MQ
SQUID. The tank circuit is modeled
by op-amps 1, 2, and 3, the SQUID
loop by a junction analog circuit (J)
as in Fig. 1(a), a circuit for generating
a current proportional to 6, and op-
amp #4.r = 10 kQ. Drive current I,
is supplied by applying a sinusoidal
voltage at the resonant frequency
(=10 Hz) to the left end of the 1 M}
resistor. The junction has its own *5
volt supply; all other integrated cir-
cuits are powered by a second =5 volt
supply. Currents are denoted by ar-
rows; voltage values are enclosed in
boxes. For results shown later, r/b,
= 100 kQ. (b) Circuit for generating
a current proportional to 6, the phase
difference between the VCO in the
junction analog and the reference os-
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cillator, As in the similar circuit of (b)
Fig. 3(b), the current is proportional
to 6 only over the range —4mw—+4m.
The 3.3 k() resistor helps isolate the
reference oscillator from switching REF. 0SC
transients in the 4030. See Appendix ’ :
A for component selection.
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cuit coil and the SQUID loop. The first and third of these
equations express Kirchhoff’s current law in the tank
circuit and in the RSJ model of the SQUID loop. The
second equation gives the induced voltage drop across
L, due to I, and I,. The fourth is the Josephson voltage-
phase relation and the fifth is the fluxoid quantization
condition, analogous to Eq. [8(f)] for the double-junction
SQUID.

The rf SQUID is modeled by the circuit of Fig. 5(a).
This contains three op amps, #1, #2, #3, in a second-
order loop which models the resonant tank circuit. With
the component values shown in the figure and r/b, = 100
k(), the resonant frequency is about 10 Hz and the Q is
about 30. The SQUID loop itself is modeled by the Jo-
sephson junction analog, Fig. 1(a), and a generator of a
current proportional to 6 which is coupled back to the
junction analog through op-amp #4. The magnetic cou-
pling is modeled by the connections through resistors
ry and r,.

The current proportional to 6 is obtained by a phase-
sensitive detector [Fig. 5(b)] similar to the one used to
produce 6, — 6, in the double junction analog, except
that the input to one of the counters is derived from the
reference oscillator sine wave. This counter must be in-
cremented at the precise instant the sine wave passes
through zero with negative slope, which is accomplished
by using one of the XOR gates in the CMOS 4030 as a
sine wave to square wave converter with an adjustable
phase difference. In operation, the phase is adjusted
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(see Appendix A) to ensure that the average current sup-
plied by the phase sensitive detector is zero when sin 6
is zero.

Because a maximum voltage of 5 volts is produced
when the VCO and the reference oscillator are 47 ra-
dians out of phase, the average output current drawn by
the XOR circuit from the inverting input of op-amp #4
through the resistor 2r + r/2 = 2.5r is given by 6/2xr
over the range of proportionality. The reader may be
curious as to why the current supplied by the phase
sensitive detector is defined as positive when it flows
away from the op amp in Fig. S5(a) but when it flows
toward the op amp in Fig. 3(a). The answer is that in both
circuits, under most circumstances, the phase difference
between the square wave outputs of the divide-by-8
counters adjusts itself automatically, so that a slight
deviation of # away from zero in either direction tends
to be corrected back toward zero by current fed back
from the phase sensitive detector. For further discussion
of this point see Appendix A.

The equations governing the rf SQUID analog of Fig.
Sa are as follows:

L. =1+ Vi/R, + CydV,/dt, [12(a)]

[ Vidi/R'C' = Lrlby + Iyrlb,,

or

Vi =(R'C'rlby) dli/dt + (R'C'r/by) dl,/dt, [12(b)]
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FiG. 6. I-V characteristics for the analog of a single junction [Fig.
1(a)]. Curves B and C are offset vertically by 100 and 300 mV for
clarity. The quasiparticle /-V curve is a straight line through the origin
with a 45° slope. Curve A: Junction capacitance C = 0. Crosses repre-
sent the values given by theory, (V) = R(I* — .52 for 1, > I,.
Curve B: Junction capacitance C = 0.664 uF, for which 8. = 4.0. The
crosses are taken from the computer-generated /-V characteristics of
McCumber, Ref. 3, Fig. 4, for 8. = 4.0. Curve C: Junction capacitance
C = 0. In addition to the dc bias current, a 400-Hz sinusoidal current
of amplitude (zero to peak) 75 nA was applied to the inverting input
of the op amp in Fig. 1(a) through an additional 10-k{} resistor not
shown in that figure.

I, = sin 0/r' + V,/R, + C,dV,/dt, [12(c)]
deldt = 27V,/x, [12(d)]
Got/ o + Loriby + Iir/by + 6127 = 0. [12(e)]

Here r', R,, and C, are contained within the box labeled
J in Fig. 5(a) [see Fig. 1(a)]. We emphasize that the
R; and C, of the analog are not numerically equal to the
R, and C, of the real rf SQUID. Also I, and I, in the
analog may have values different from their counterparts
in a real SQUID.

In order to make quantitative connections between
constants and variables in the real SQUID and in the
analog, we begin by comparing Eqs. [11(e)] and [12(e)}]
to make the following identifications:

I?/IC —> 12",
L.1./¢g —1/b,,

[13(a)]
[13(b)]

where quantities for the analog are written on the right.
Then from Eqs. [11(b)] and [12(b)] we must have

M, — R'C'/b,. [13(c)]

Because we have previously made the identification
$o — X\, we can rewrite [13(c)] as

MI,/dy — R'C'/b;\. [13(c)]
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If we now rewrite the third term in Eq. [12(e)] as (R'C’/
byA) X (bArl;/R'C'b,), and compare it with the third
term in Eq. [11(e)], namely (MI./$,) x I,/{., we can
make the identification

1. — (b,Arl/R'C'by). [13(d)]

That is, the voltage b, \rl,/R'C'b,, which is proportional
to the voltage at the output of op-amp #3 in Fig. 5(a),
represents the normalized current /,/1, in the tank circuit
inductance of the real SQUID.

Finally, we compare the first term on the right of Eq.
[12(b)], written in the form [(R'C')*b,\] X d(bArl,/
R'C'b,)/dt with the corresponding term in Eq. [11(b)],
L.I.d(1,/1.) dt, to obtain the further identification

L.— (R'C')b\, [13(e)]
or

Ll /by — (R'C') b\ [13(e)]

An important quantity in comparing our analog with a
real rf SQUID is the dimensionless ratio k2 = M2/L,L,.
This ratio must be less than 1. For our analog k2 can be
obtained by combining [13(b}], [13(c")], and [13(e")], to
obtain

2= by/b,. (14)

Hl. RESULTS
A. Current-biased single junction

In Fig. 6 we show curves of average junction voltage
(V) as a function of dc bias current /,, taken with the
single junction analog of Fig. 1 withR = 2.00kQ, and r’
= 10.0 kQ, so that the critical current for the junction
analog is 100 uA. The crosses on curve A (junction
capacitance C = 0) are points calculated from the ana-
lytically-derived equation (see, for example, Stewart and
McCumber, Ref. 3).

(V) = RU3* = I (15)

When the junction capacitance is different from zero
the amount of hysteresis is determined by the dimen-
sionless quantity 8, = 27/ .R*C/¢p, — 2w R*C/r'\. For
curve B the junction capacitance was 0.664 uF; with
R =200k, r = 10.0 k), and A = 4.125 x 107* V s,
B. = 4.0. Since an analytical computation of the / — (V)
curves for a junction with hysteresis has not been ac-
complished, the crosses are taken from the correspond-
ing computer-generated curve of McCumber's Fig. 4
(Ref. 3) for 8. = 4.0. This fit is in fact much better than
that achieved with a sin 6 circuit consisting of a mixer
and a low pass filter.*® (In the analog of Ref. 13 an
experimental value of 8. = 5 produced the best fit to
McCumber’s curve for 8. = 4.0.) The improvement of
our sampling circuit in modeling the dynamic behavior
of a junction is a significant advantage of the sampling
circuit, and is of particular importance when more com-
plex SQUID circuits are considered.

For curve C we added, through an additional input
resistor to the negative input of the op amp, a sinusoidal
bias current of zero-to-peak amplitude 75 pA and fre-
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quency 400 Hz. We thus obtain the familiar Shapiro
steps.® For this curve the junction capacitance is zero.
Curve C is useful because the voltage interval between
steps is Af/2¢ in a real junction and Af in the analog;
thus we find A = 0.165 V/400 Hz = 4.125 X 107* V s.

Table I lists certain parameters of importance in de-
scribing real junctions and gives the corresponding quan-
tity in the analog along with its numerical value.

B. Double-junction SQUID

For the double-junction SQUID two types of char-
acteristics are of interest, static and dynamic. The limits
of static behavior, in which there may be supercurrent
but the junction voltages are zero, are defined by curves
of critical current of the SQUID as a function of the
external magnetic flux through the SQUID loop. Critical
current curves, taken with the analog circuit of Fig. 3,
are shown in Fig. 7 for two sets of values of L,/./¢, and
Ly1./¢s. In the curve of Fig. 7(a) the *“SQUID"’ is sym-
metric with L,I./¢y = L,I./¢y = 0.50, while in Fig. 7(b)
the “SQUID"’ is asymmetric, with L,I./¢, = 0.10, and
L,I./¢y = 0.50. Similar computer-generated curves have
been obtained by Tesche and Clarke.*

These critical current curves are most easily plotted by
setting the dc bias current to a particular value and then
varying the external flux. Two different behaviors are
observed. In Fig. 7(a) for a bias current such as 170 uA
the junctions either have voltage across them (above the
solid curve) or they do not (below the solid curve).
However, for a bias current such as 100 A the junction
voltages are zero for all values of external flux; the cross-

TaBLE I.  Values of circuit parameters for junction analog.
Real
junction Analog Value
I. 1.00V x (1/r") 100 xA
R R 2.00 k(2
L A 4125 X 107* Vs
I.R 1.00V x (R/r") 200 mV
I.R/¢, 1.00V % (R/r'\) 485 Hz
frequency of Ref. osc. 110 kHz

amplitude of Ref. osc. 1.00 V zero to peak

ing of one of the dotted curves, marking the lobe bound-
aries, in the direction shown by arrows, is signaled by
abrupt changes in 8, — 6,, sin 6,, and sin 6,, and by brief
voltage pulses across the junctions themselves. These
abrupt changes result from a flux quantum suddenly en-
tering or leaving the SQUID loop.

To examine the dynamic behavior of the double-junc-
tion SQUID we can display the time-dependent junction
voltages V, and V, and supercurrents sind,/r’ and
sin 6,/r’, and can plot curves of the time-average voltage
(V) across the SQUID as a function of the bias current
I,. The time-dependent waveforms cannot be observed
in a real SQUID because they vary at microwave fre-
quencies. In the analog there is no point in the circuit
that provides the sum of the voltage across a junction
plus the voltage across the corresponding inductance.
However, we are interested in the time-average voltage
across the loop, and this is equal to the time-average
voltage across either junction. This equivalence is due to
the fact that the voltage across a self-inductance or mutual

dc Bias current,1,(pxA)

L|Ic/‘°'l.2 Ic/¢°'°.5 » C|3C2=0

Fig. 7. Critical current vs ex-
ternal flux ¢ex/dp, for double-
junction SQUID analog. Each N
curve was generated by fixing
the dc bias current I, [actually P ~ .
the voltage r1, in Fig. 3(a)] and o
varying ¢e./d, to determine the e Py
boundaries either between the -~

200

Vee r,’

Ceof 1 * 1 1 )

zero voltage state of the junc- 1 k 1
tions and the nonzero voltage -1.o
state (solid curves) or between
zero voltage states with differ-
ent numbers of flux quanta
trapped in the SQUID loop
(dashed curves). The arrows on
the dashed curves show the
direction in which the flux was
changed to observe the transi-
tion between trapped flux states.
(a) Nominally equal inductances
L. /¢pe = Lol /¢y = 0.5; C,
= C, = 0. (b) Unequal induct-
ances L,I./¢y = 0.1; L,I./¢,
=05C,=C,=0.

Se_ o

y
l d

L21c/ 40205
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C12C230
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FiG. 8. Average voltage (V,) of double-junction SQUID vs total bias

current I, with C; = C, = 0, for two different values of externally ap-
plied flux, ¢... The actual plotted voltage is (V,), which is equal to
(V,). The crosses and circles are taken from the computer-generated
curves of Tesche and Clarke, Ref. 14, Fig. 6(a). The values L I./¢,
= Lyl./¢, = 0.25 correspond to B8 = 1 of Ref. 14. The crossing of the
two curves at (V,) = 300 mV is not seen in the digital simulations of
Ref. 14. This crossing apparently results from time delays in the analog
circuit, Fig. 3; see text.

inductance is proportional to the rate of change of the
current, and the average rate of change of a periodic
quantity such as /, or I, over any number of periods is

Zero.
Figure 8 shows /—V curves for a symmetric double-

junction SQUID with L,I./¢y = Lod./dy = 0.25 and C
= 0. The crosses are taken directly from the computer-
generated characteristics in Fig. 6(a) of Tesche and
Clarke.!" Except for the crossing of our SQUID analog
curves for ¢./¢y = 0 and ¢y /b, = 0.5, which does not
occur in Tesche and Clarke’s curves, the agreement is
quite good. We believe that the crossing is an artifact
caused by time lag in the phase detector due to the 0.01
wF smoothing capacitor and to the inherent delay in
dividing the VCO frequencies by 8. Each effect con-
tributes a time lag of ~40 us. This delay is unavoidable
because the times at which the XOR inputs switch their
logic states depend on d6,/dt and d6,/dt and hence the
junction voltages over the previous four periods of the
VCOs. The fact that the crossing occurs at a lower value
of I, when the phase detector capacitor is increased
to 0.1 uF supports this interpretation, as does the fact
that the crossing nearly disappears if divide-by-4 counters
replace the divide-by-8 counters. (This change in counter
ratio requires that the 2.5 r resistance in the phase de-
tector be increased to 5 r in order that the average cur-
rent remain equal to (8, — 6,)/2wr.) The value of the
smoothing capacitor used in the phase detector circuit,
Fig. 3(b), 0.01 uF, cannot be reduced very much because
otherwise the ac signal will not be adequately filtered
and the output of op-amp #1 will saturate.
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The /-V curves in Fig. 9 show the interesting behavior
that can occur for finite capacitance. In this case C
= 0.664 uF for each junction, which corresponds to
B. = 4.0. The curve for ¢,,,/d, = 0 has two branches.
The upper branch is identical to the single junction curve
(Fig. 6, curve B), except that the total current is twice
the individual junction current. For the upper branch,
corresponding currents and voltages in the two junctions
are in phase and the total flux in the loop is zero at all
times. The lower branch is reached by momentarily ap-
plying a nonzero external flux while the bias current
is fixed at some value between about 130 and 180 pA.
In this lower branch the corresponding currents and
voltages in the two junctions are out of phase. There is
a nonzero circulating current in the SQUID loop in this
case, and flux quanta alternately enter and leave the loop.
Waveforms of sin ,(¢) and sin 6,(¢) are shown in Fig. 10
for a total bias current /, = 180 wA. The upper two curves
in Fig. 10 are for the upper branch of the ¢.,, = 0 char-
acteristic. The bottom two curves show the out-of-phase
behavior for the lower branch. It is not clear whether
this out-of-phase behavior is a stable solution for exactly
matched junctions with ¢, exactly zero. The stability
and accessibility of this so-called beating solution is cur-
rently under theoretical investigation.!®

For the upper curve in Fig. 9 the external flux was half
a flux quantum, ¢,,,/b, = 0.5. The I- (V) characteristic
is distinguished by two distinct ranges of bias current
for which hysteresis occurs.

T 1
L|Ic/¢0=Lch/¢°=0.25
Ci=C2=0.664uF

(Bc =4.0)

200
boxt/$, =0.5

o
)

o

Bour/$,20.0

Average SQUID voltage,{ Vo> (mV)

100} -

1 1
0 100 200 300

400
dc Bias current,Iy(uA)

F1G. 9. Average SQUID voltage {( V,) as a function of bias current /,,
with junction capacitances of 0.664 uF, which correspond to 8. = 4.0.
The curve for ¢, = 0 has two branches, the lower of which is accessed
by momentarily applying a nonzero value of ¢, (see text). The curve
for ¢ = 0.5 ¢, has two regions of bias current in which hysteresis
occurs. Arrows indicate regions where the SQUID voltage jumps from
one value to another.
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F1G. 10. Graphs of supercurrent vs time for the double-junction

SQUID analog. Conditions are as in Fig. 9, with ¢ex/dy = 0.0 and the
dc bias current /, = 180 wA. Top two curves: sin 8, and sin 6, for the
upper branch, point A in Fig. 9. Bottom two curves: sin 6, and sin 6,
for the lower branch, point B in Fig. 9.

C. Radio-frequency SQUID

In Figs. 11 and 12 we present results for the tf SQUID
analog (Fig. 5) for the two standard ways of illustrating
the behavior of an rf SQUID. We set C, = 0, L,1./¢,
= 0.5, and k% = by/b, =~ 0.029.

In Fig. 11 we plot the rms voltage V, across the tank
circuit as a function of the applied external flux ¢,,, with
the rms value of the rf drive current 7, held constant.
The curve is extended to the largest values of ¢, per-
mitted by the circuit model. Use of larger values of ex-
ternal flux causes the angle 6 to deviate from zero by
more than 44, as in Fig. 3(¢c), at least at some point in the
cycle, so that the current output of the #-generating cir-
cuit is no longer proportional to 6. In the actual operation
of areal rf SQUID the SQUID loop is biased with external
flux to give an extremum of tank circuit voltage. In
addition, the flux is modulated at a low frequency f;
causing the tank circuit voltage to vary at a fundamental
frequency of 2 f;. An additional small unknown dc flux
causes the detected tank circuit voltage to acquire a com-
ponent at frequency f;, whose amplitude, usually mea-
sured with a lock-in amplifier, is proportional to this un-
known flux.

1 | | T T
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Q =~ 30
.60~ —
L2Ic /4)0:0.5
g C2:O
2 2
£ 1490 k°Q=0.9 =
LS.
g
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>
-‘g 0.80f ~
£ A
© :¢ext=0
< 0.60F -
ped ]
© 1
o 1
S o0.40} ! =
q>_) | Pext=0-5¢,
5 1
\ 1
® = -
€ 0.20 :
= |
L | ] ] ] ]
o] 0.A 0.2 0.3 0.4 0.5
rf drive current, I (uA,rms)
FiG. 12. Time-average rms tank circuit voltage V, as a function of

drive current I, for two different values of external flux. A marks
the drive current used in obtaining Fig. 11. V, and /,. are measured
with digital ac voltmeters.

Figure 12 shows curves of tank voltage vs drive current
I, taken with the analog for two values of external flux,
bext = 0 and ¢, = 0.5 . The rms values of /. and V,
were measured with digital ac voltmeters. Clearly evident
are an interleaved sequence of *‘steps and risers’’ caused
by the energy dissipation mechanism discussed in Sec.
II(c). The curves of Figs. 11 and 12 compare favorably
with results for real SQUID devices.!®

IV. DISCUSSION

In summary, we have shown how to construct elec-
tronic analogs of double- and single-junction SQUIDs

T L | i T 1 {
s Iac=0.13A rms,k2=0.029
8 €2=0,0=30,k%Q=0.9
S o6} -
=
)
Fic. 11. Time-average rms tank cir- = E
cuit voltage, V,, as a function of the : @
external flux e,/ in the rf SQUID c = 041 7
analog of Fig. 5. The drive current 2 g
frequency is 10.6 Hz and its amplitude g =
is 0.18 nA (zero to peak). V, is mea- o >
sured with a digital ac voltmeter. L 0.2} -
<]
®
£
= 0 1 1 L 1 1 1 1
-2.0 -1.5 -1.0 -0.5 (o] 0.5 1.0 1.5 2.0
Externally applied flux, eyt /¢o
911 Rev. Sci. Instrum,, Vol. 52, No. 6, June 1981 Electronic analog of SQUID 911



based on an analog of a resistively shunted Josephson
junction. Several of the novel features of our single junc-
tion and SQUID analogs represent significant improve-
ments over previous work and should be applicable in a
wider variety of situations than described in the present
article. The method of summing the supercurrent, quasi-
particle current, and displacement current in a single op
amp is a major simplification over analogs [for example,
Bak and Pederson (Ref. 5)] in which the sin @ current is
produced by a voltage-to-current converter. The low
cost of the circuit components and the simplicity of the
single-junction analog should encourage the modeling of
arrays of junctions. It seems likely that only one refer-
ence oscillator would be required in such multiple-junc-
tion circuits. A further advantage of the sampling-type
analog we have described is its superior dynamic per-
formance, as compared with the mixer-low pass filter type
used by Bak and Pederson.® The sampling method also
allows one to model a nonsinusoidal current-phase rela-
tion [replacing Eq. (1)] by using a waveform from a
function generator whose voltage—time relation is the
desired /(#) relation. Indeed, any periodic waveform
that can be obtained with a function generator or syn-
thesizer (for example, a sawtooth wave) could replace
the sinusoidal reference wave.

A useful and general technique demonstrated in these
analogs is the modeling of inductance by using op amps
to enforce the fluxoid quantization condition. Circuits
which simulate the behavior of ideal inductors, with
zero resistance (see Ref. 7), are therefore not required.
Our method requires a current proportional to a phase
difference. The divide-by-8 counters which enable us
to generate this current could in principle be divide-
by-16, 32, or more. However, the increased time delay,
or lag, involved in this method of measuring phase dif-
ferences limits its use to situations in which changes in
phase occur slowly compared with the period of the
counter outputs. While this problem might be circum-
vented by running the reference oscillator and VCO at
higher frequencies, the absolute frequency stability of
the oscillators must not degrade if the characteristic
junction frequency (~R/r'A) is left unchanged. That is,
a 1-MHz oscillator rate would permit the phase informa-
tion to be updated ten times as often as a 100-kHz rate.
However, the fractional long term drift and short term
jitter, about 1 or 2 parts in 10° with the circuit components
we used, would have to be improved to 1 or 2 parts in
108 if the faster oscillator were used in order to maintain
accurate sampling of sin 6. If it is poslsible to ob-
tain higher frequency VCO’s with satisfactory fre-
quency stability, there should be no problem in generat-
ing a sinusoidal reference wave of the required stability
from a crystal oscillator. While the sample-hold circuit
employed here might prove inadequate at higher fre-
quencies, sample-hold modules with much faster ac-
quisition times are readily available from several
manufacturers.!?

An area of considerable scientific and technical in-
terest which we have not explored in this paper is the
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effect of noise on the SQUID characteristics. Extensive
and careful digital calculations of noise effects in both
the double-junction'¢ and single-junction!®* SQUID have
been presented. It appears that Johnson noise in the
junction resistances R could be simulated with random
noise generators. It is not clear, however, how to intro-
duce noise corresponding to quantum fluctuations. ! The
electronic analog does contain noise of its own due to
noise in the op amps, frequency-, and amplitude jitter of
the reference oscillator and frequency jitter of the VCOs,
etc. However, the experimental /-V curves of Figs. 6
and 8 show little or no evidence of noise rounding and
the results presented appear to correspond closely to
those of the noise-free calculations.

One of the most useful features of the SQUID analogs
described here is their ability to display time-varying
waveforms which in the real SQUID vary too rapidly
for present-day instruments, such as fast sampling os-
cilloscopes, to display. For example, there appears to be
a great deal of interesting behavior involving self-reso-
nances and mixing of harmonics of the Josephson fre-
quencies in multiple-junction interferometer circuits.'
Analog circuits based on the techniques we have de-
scribed should permit these circuit properties to be in-
vestigated over a wide range of circuit parameters in a
fraction of the time required for digital computations.
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APPENDIX A: CONSTRUCTION AND ADJUSTMENT
PROCEDURES

In this Appendix we point out several items relating
to construction and adjustment of the various analog
circuits.

A. Adjustment of the VCOs

The VCO circuits, made from 555 timers [Fig. 1(d)],
must include 10- or 20-turn trimpots for adjusting their
center frequencies. Alternatively, if the reference os-
cillator is adjustable, only one of the VCO frequencies
needs to be adjustable. In operation, after allowing a few
minutes for warmup, one adjusts the frequency of each
VCO individually to equal that of the reference oscillator.
This is done by placing switches S, [Fig. 1(a)], S,, and
S, [Fig. 3(a)] in their grounded positions to break all
feedback connections. Then the VCO center frequency
is adjusted, while observing the beats of the sin 8 wave-
form, until the beat frequency is as close to zero as
possible.
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During construction, the slopes of the frequency-volt-
age characteristics of the two VCOs must also be care-
fully matched so that A, the analog of the flux quantum
&y, is the same in the two junction analogs. To do this,
begin with a somewhat larger resistor, e.g., 100 k{1, in
place of the 82.5 k() resistor in Fig. 1(d) for one of the
junction analogs and then add an appropriate resistance
in parallel that gives Shapiro steps (Fig. 6, curve C)
with the same step separation as in the other junction
analog.

B. Power supply filtering and shielding

The main impediments to high quality performance of
the analog circuits are unwanted interactions among the
two or three oscillators. For this reason each junction
analog (Fig. 1) has its own pair of +5 volt regulators, as
shown in Fig. 13. These are separate from the =5 volt
regulators that power the remaining circuitry. Also,
within each junction analog circuit it is helpful to use
RC decoupling filters in the power supply leads to the
various integrated circuits. (For example, R = 27 Q, C
= 6.8 uF.) To prevent capacitive interactions the leads
to and from the VCOs and from the reference oscillator are
kept short, and where that is not possible, shielded cable
is used. In our work, each junction analog was mounted
within its own shielded aluminum box, and BNC connec-
tors and cables were used for interconnections.

Unwanted interactions within each junction analog can
be diagnosed by the beats of sin 6, observed during the
frequency-adjustment process, being sawtooth rather
than sinusoidal functions of time. Interactions between
the VCOs of the two analogs can be seen as a tendency
of one VCO to lock to the other when neither is locked
to the reference oscillator. If a common +15 volt supply
is used to power all =5 volt regulator circuits, it helps
to put a small resistance, e.g., 47 , in series with the
input of each regulator (see Fig. 13).

C. Trimming the 6, — 9, circuit

For greatest accuracy in satisfying Eqs. [9(e)] and [9(f)]
the outputs of op-amps #1, #2, and #3 in the double-
Jjunction SQUID analog should be trimmed to give zero
when 6, = 6, = 0 and when all other inputs to these op
amps are zero. To make this adjustment the voltage ¢,/
¢ is set to zero and switch S, is placed in the grounded
position. Also, either one (but not both) of the inputs
to the XOR circuit from the divide-by-8 counters is dis-
connected and reconnected to either supply voltage, so
that the output of the XOR is a square wave of pre-
cisely 50% duty cycle. Finally the offset null pots for
op-amps #1, #2, and #3 are adjusted, in that order,
to give zero output from each op amp. ’

D. Adjusting the phase in the 0 circuit of the rf
SQUID analog

The phase of the square wave derived from the ref-
erence oscillator sine wave must be adjusted, so that the
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+15V 7805 + 5V supply
——IN  OUT

470 +

GND 33uF
]
-5V 7905 -5Vsupply
IN OUT‘-——-I—-——
478 GND 33uF

2
F1G. 13.  Power supply circuits for the electronic analogs. Each junc-
tion analog employs a separate pair of 7805 and 7905 regulators. Other
integrated circuits are powered by an additional =5 volt supply. Addi-

tional RC decoupling filters (R = 27 1, C = 6.8 uF) are included, as
needed, in the connections to individual integrated circuits.

current fed back to op-amp #4 is zero when the phase
difference 6 between the reference oscillator and the
VCO is zero. The easiest way to do this is to set ¢/
¢, to zero and to disconnect the coupling resistor r, in
Fig. 5(a). Next the switch S, in the junction analog is put
in its grounded position to remove the sin 0 feedback.
Now the junction analog, the 6 circuit, and op-amp #4
are in a phase-locked-loop configuration and, provided
the VCO and reference oscillator frequencies are matched,
the output of op-amp #4 will automatically adjust to
zero. However, the sin 6 voltage may not be zero; it is
adjusted to zero by trimming the phase adjustment pot,
Fig. 5(b), until the sin 6 voltage in the junction analog,
Fig. 1(a), is zero.

E. Filtering the junction voltages

The time-average junction voltage is required for some
of the characteristic curves. To obtain this average we
use simple RC low pass filters withR = 1kQandC = 10
uF to give a smoothing time constant of 1072 s. Any re-
maining ripple is ignored by our x-y recorder.

F. Component selection

Metal film resistors were used for all critical resist-
ances, or where matched values of 10 k() were required.
Corning type RN60D metal film resistors, with <100
ppm/°C temperature variation, were used. Silver mica
capacitors were used in the sin ¢ circuit [Fig. 1(b) and
(d)]. Operational amplifiers were standard type 741 op
amps. Because of the significant offset currents of these
op amps, compensating resistors were used between the
positive terminal and ground in each inverter circuit. To
reduce further both drifts and temperature dependent
offsets, it would be of advantage to use one of the im-
proved versions of the type 741 amplifier, available for
example, from Analog Devices,'” or a low-drift opera-
tional amplifier.

We have found that some CMOS 4066 switches in the
sin @ circuit of Fig. 1(b) have output offset voltages of
order 10 mV during their off cycle. This can lead to an
offset of some mV in the voltage stored on the capacitor
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FiG. 14. Single-junction analog in which the junction current 7 is
applied at the same point as that at which the junction voltage is
measured. Op amps are type 741. Junction resistance R = 2 k{} and
junction capacitance C are shown, The voltage-to-current converter,
to draw a sin 8 *‘supercurrent’’ from the junction terminal, consists of
op-amps #2 and #3. (The critical current, I, is 100 A, as in the junc-
tion analog of Fig. 1.) In addition, the junction may be current biased
by applying voltages to inputs V, or V.

C,, thereby producing apparent bias current offsets of
=1 uA. If this offset is of concern, it may be nulled
by injecting a compensating current into the negative
terminal of the op amp, Fig. 1(a), through a 1-M Q resistor.

APPENDIX B: “TWO-TERMINAL” JUNCTION
ANALOG

In the single-junction analog of Fig. 1 used throughout
this paper, the junction current is applied at a different
terminal than the point where the junction voltage is de-
veloped. In certain applications one may require a single-
junction analog in which the junction current is injected
at the same point as that where the junction voltage is
measured. An example is the study of interactions with a
resonant circuit in series with the junction. We therefore
present in this Appendix a configuration in which the
voltage and current are measured at the same terminal.

A schematic diagram of the circuit is given in Fig. 14.
This circuit uses the same method for generating the
sin 0 voltage as Fig. 1(b). However, as in Bak and Peder-
son,® the sin 6 circuit is followed by a voltage-to-current
converter, made up of op-amps #2 and #3.IfV, =V, =0,
the output voltage of op-amp #3 is equal to V — 0.5
sin #, with V the junction voltage. The amplitude of the
reference oscillator is here adjusted to be 0.5 volts zero
to peak. The current I, drawn from the junction terminal
is therefore equal to (0.5/r") sin 8 (againforV, = V, = 0).
As aresult, the circuit of Fig. 14 satisfies Eq. (3) for the
total junction current, with /., = 100 pA.

The other inputs to the voltage-to-current converter,
V., and V,, may be used to current bias the junction with
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dc and/or ac currents equal to (V, + V,)/r". Since the
VCO circuit, Fig. 1(d), has an input resistance of 82.5
kQ, a unity-gain buffer, op-amp #1, is used to prevent
loading of the junction. The full circuit in Fig. 14 is
seen to be more complicated than that in Fig. 1, due to
the more complex current summation method used.
However, it still represents an improvement over the
original Bak and Pederson circuit,” because of the im-
proved method used for generating the sin 6§ voltage.
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